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Abstract

We present several identities of Cauchy-type determinants and Schur-type Pfaffians involving gen-
eralized Vandermonde determinants, which generalize Cauchy’s determingit(det- y;)) and
Schur's Pfaffian Ritx; —x;)/(x +x;)). Some special cases of these identities are given by S. Okada
and T. Sundquist. As an application, we give a relation for the Littlewood—Richardson coefficients
involving a rectangular partition.
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1. Introduction

Computations of determinants and Pfaffians are of great importance not only in many
branches of mathematics but also in physics. Some people need relations among minors
or sub-Pfaffians of a general matrix, others have to evaluate special determinants or Pfaf-
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fians. In enumerative combinatorics and representation theory, a central role is played by
Cauchy’s determinant identity [2]

1 enC — XD = 30
det( > =H1<l<1§1n J IYj— i . (11)
Xi+Yj/1<i j<n [T7j=aCxi +y7)

and Schur’s Pfaffian identity [17]

Xi— xi X — x:
Pf( J ) = [] == (1.2)
Xj +x; 1<i,j<2n 1<i<j<2n Xj +Xi

The reader is referred to [1,4,6,9,13,14,18,19] for some recent variations and general-
izations with their applications of (1.2) and (1.1). Besides, Krattenthaler [8] has given a
comprehensive survey of determinant evaluations.

In the same vein, we shall give several identities of Cauchy-type determinants and
Schur-type Pfaffians whose entries involve two kinds of generalized Vandermonde deter-
minants. Lett = (x1, ..., x,) anda = (as, ..., a,) be two vectors of variables of length
Let p andg be two nonnegative integers such theat ¢ = n. Denote byV?-(x; a) the
n x n matrix withith row

p-1 q-1
(1,xi,...,xi 2 @iy Qi Xy oo, Qi X; ),

andW"(x; a) then x n matrix withith row

(1 + a,‘xffl, x; + aixffz, e xi’“l + ai).
For example, ity = 0, thenV"-%(x; a) = (xij_l)lg,"jgn is the usual Vandermonde ma-
trix and det/"O(x; a) = [T, j<, (xj —x). f p=g =1,thendeV 1 (x; a) =az —a,
while the matriced/32(x; a) andW>(x; a) can be visualized as follows:

1 x1 xf a1 axa
1 x2 x% az azxp
V?”Z(x;a): 1 x3 x% az azxs3 |,
1 xa xf as  asxa
1 xs xé as  asxs

1+ ale X1+ ale X7+ aixi xf +aixy xf +ay
1+ azxg X2 + agxg X5 + azxg xg —+ azx2 xg +a»
W5(x; a)=| 1+ a3x§ x3+ agxg x5+ azx3 xg + aszx3 xg + a3z
1+ a4xj} X4+ a4x2 Xy +aaxy xg + asxa xfll +aa
1+ a5xé X5+ a5x§’ X5 + asxg xg + asxs xé +as

The main purpose of this paper is to prove the following identities for the determinants
and Pfaffians whose entries involve these generalized Vandermonde determinants.
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Theorem 1.1. (a) Letn be a positive integer and lgt andg be nonnegative integers. For
six vectors of variables

x:(x]_,...,xn), y:(ylv"'ﬂyn)v a:(ala"'aan)v b:(blv"'vbn)v

2=0(21,..-,2p+q)» €=(C1,...,Cprqy)s
we have
det(detvl’“»‘i”(xi, yj.Z:ai, by, 0)>
Yj —Xi 1<ij<n
(_1)n(nfl)/2
o ) detV?4(z; ¢)" tdetV" P (x y, z:a, b, ¢). (1.3)
i, j=1j — X

(b) Letn be a positive integer and let, ¢, r, s be nonnegative integers. For seven vectors
of variables

x=(x1»~~-»x2n)a a=(“1»~~~»a2n)a bz(bla"'abzn)7
z:(Z1»~--7Zp+q)a c:(cls-'~scp+q)v
w:(w19---7wr+s)v d:(d19---7dr+s)y
we have
Pf<deth+1’q+1(x,~, Xj,z;ai,aj,¢)detV 5t x i wi b, b;, d))
Xj—Xi 1<i, j<2n
1
= detV?4 (z; )" LdetV"S (w; d)" " Ldetv" P4 (x z:a,¢)
[ici<j<on(xj—xi)
x detV" S (x w: b, d). (1.4)

(c) Letn be a positive integer and lgtbe a nonnegative integer. For six vectors of variables

x=01...,%), y=01,--.,yn), a=<(a1,...,ay), b=(b1,...,by),

z:(zls~~'szp)s c:(cla"'acp)a

we have

det(detwl”z(xi, yj.2;ai,bj, C)>
yj —x)(A—x;iy)) 1<i,j<n
1

= — detW?(z; ¢)" 1detW? P (x, y,z;a,b,c). 15
[T 20 —xD @ —xiy)) (1-9)
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(d) Letn be a positive integer and lgt and g be nonnegative integers. For seven vectors
of variables

x=(x19"’7x2n)’ a=(a19"'7a2n)5 b=(bl""’b2ﬂ)7
z2=1(21,...,2p), c¢=(c1,...,Cp),

w=(wl,--~,u)q), d:(dl?"-vdq)a

we have
Pf<detWP+2(x,', Xj,Z;ai,a;j,c) detW‘1+2(x,~, Xj, w; b;, bj, d))
(xj —xi)(A—xix;) 1<i, j <2
1
= detW?(z; ¢)" *detw?(w; d)"*
[licicj<on(xj — X)L — xix)
x detW?*? (x, z; a, ¢) detW?' 9 (x w; b, d). (1.6)

These identities were conjectured by one of the authors [15]. If weppttg =0
in (1.3) orp =g =r =5 =01in (1.4), then the identities read

b: —a -1 n(n—1)/2
de[< ’ al) = (n)— detV""(x, y; a, b), 1.7)
Yi = Xi /) 1<i,j<n Hi,j:l(yj — Xi)
—a)(bi — b; 1
Pf(W) = detV™" (x; a)detV"™" (x; b). (1.8)
Xj =X 1<ij<n [igicj<an @) —x0)

These particular cases, as well as the identities (1.5) with0 and (1.6) withp =¢ =0,

are first given by S. Okada [13, Theorems 4.2, 4.7, 4.3, 4.4] in his study of rectangular-

shaped representations of classical groups. Another special case of the identity (1.5) with

p = 1lis given in [14] and applied to the enumeration of vertically and horizontally sym-

metric alternating sign matrices. These special cases are the starting point of our study.
Under the specialization

Xi <—x,-2, Vi <—y,-2, Zi<—Z,-2, w; <—w,»2,
aj < Xxi, bi < yi, Ci < Zi, di < wj,
one can deduce from (1.3) and (1.4) the following identities:
N Xi, Vj, %
de\( sy (Xi, yj ))

Xi +yj 1<i,j<n

[Ticicicn®j —x)(j — i) B

== s500 (2" s (x, ¥, 2), (1.9)

l_[?,j=1(xi + ;)
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x]' — X
Pf Sk (Xi, X, 2)8s 0y (Xi, X, w)
Xj+xi 1<i,j<2n
Xj—Xi n—1 n—1
= l_[ T +x~s6(k)(z) ss(1) (W)™ 50 (X, 2)s50) (%, W), (1.10)
1<i<j<2n !

wheres; denotes the Schur function corresponding to a partiti@mds (k) = (k, k — 1,
..., 1) denotes the staircase partition. If we take- 0 in (1.9) andk = =0 in (1.10),

we obtain Cauchy’s determinant identity (1.1) and Schur’s Pfaffian identity (1.2). Another
special case of (1.9) with= 1 is the rational case of Frobenius’ identity [3]. Also, if we
takek =1 =1 in (1.10), we obtain the rational case of an elliptic generalization of (1.2)
given in [16].

This paper is organized as follows. Sections 2 and 3 are devoted to the proof of
Theorem 1.1. In Section 2, we prove the identity (1.4) by using the Pfaffian version of
Desnanot—Jacobi formula and induction. In Section 3, we give a homogeneous version of
the identity (1.4) and derive the other three identities (1.3), (1.5) and (1.6). A variation of
the main identities is given in Section 4, and another instance of a Cauchy-type determinant
identity is presented in Section 5. Also we present a formula expressing the determinant
of V" in terms of the hyperpfaffian. In the last section, we give an application of the
identity (1.4) to the Littlewood—Richardson coefficients.

Here we recall the definition of Pfaffians. Given a R 2n skew-symmetric matrix
A = (aij)1<i, j<2n the Pfaffian ofA is defined by

PRA) = SAN0)ao (1).0(2%0 (3).0(4) *** Ao (2n—1).0(2n)»

o

whereo runs over all permutations ofidetters 12, ..., 2n satisfying

oc(1) <o (2), o(3) <o (4, e, o(2n—1) <o(2n),
c(D<o@)<---<o(@n-1).

2. Proof of theidentity (1.4) in Theorem 1.1

In this section, we give a proof of the identity (1.4). First we show (1.4) in the special
case where: = 2 by using induction. Then we apply the Desnanot—Jacobi formula for
Pfaffians to reduce the proof of the general case to this special case.

First we prove the case af= 2 by induction onp + ¢ +r + .

Proposition 2.1. Let p, g, r ands be nonnegative integers. For vectors of variabtes,
b of length4, z, ¢ of lengthp + ¢, andw, d of lengthr + s, we have

Pf<deth+l"’+1(xi, Xj,z;ai,aj,c) detV/+Ls+1(y;, xj,w;bi,bj,d)

Xj— i >1<i,j<4
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1
1_[1<i<jg4(xj —Xi)

x detVPT2412(x z:a, ¢)detV t%512(x w; b, d). (2.1)

detV?9(z; ¢)detV"* (w; d)

In the induction step of the proof, we need relations betweefy &6tand det/?—14 (or
detv?:7).

Lemma22. (1) If p > q andp > 1, then we have

p+q—1
detV?4(x;a) = l_[ (Xptq — Xi) - dety? 14 (xq, ..., Xptq—1:0a7, .- .,a;+q71), (2.2)
i=1
where we put
@ =270 1 Ci<ptq-1).
Xi = Xp+q
(2) For nonnegative integerg andg, we have
p+q
detV?4(x;a) = (—D)? [ a; - detv®? (x;a ™), (2.3)
i=1
-1 -1 -1
wherea™ = (a; e lpa)-

Proof. (1) We putm = p + ¢g. By subtracting théth column multiplied bya,, from the
(p + i)th column fori =1, ..., ¢, and by subtracting th&h column multiplied byx,,
from the(i + 1)th columnfori =p —1,...,1, we obtain

detV?4(x;a)

-2 -1
1 xi—xm (xl_xm)x:{) al—am (al_am)xg
= det : : :
1 x —xm o (x —X )x‘n_2 a —am - (a —a )xq_l
m—1 m m—1 m)X,, 1 Am-1 m m—1 m) Xy, 1
1 0 0 0 0
m—1
= (_1)m+1 l_[ Xk — Xm)
k=1
-2 -1
1 x1 - xf ay ajx1 a’lxq
x det : : :
p—2 ’ 1 ’ qg—1
1 Xm=1 = Xy 1 Gy Gy g Xm-1 o Gy 1%, 1
p+q—1
-1 o /
= 1_[ (Xptq — xi) - detV? q(xl, NS I 7 L B ap+q_1).

k=1
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(2) As before we puin = p + ¢. By performing an appropriate permutation of the
columns and by dividing th&h row bya;, we obtain

detV?4(x;a)

q—1 -1
ap  aixy - aixg 1 x x;
= (=1)P4 det :
-1 -1
m  AmXm - AmXd 1 x, - xb
-1 -1 -1 -1 _p-1
g 1 x1 --- x% a; a; x1 o4y xf
= (—=1P? l_[ ay - det : : : :
_ -1 _ _ _ 1
k=1 1 x, - xI aml amlxm - a 1x,(,1,
ptq
= (=1P? 1—[ ay - deth’p(x; a_l).
k=1

This completes the proof of the lemman

Proof of Proposition 2.1. We prove (2.1) by inductionop +¢g +r +s. If p+¢g +
r+s=0,ie,p=qg=r=s=0, then one can easily check the equality in (2.1) by a
direct computation.

Supposep + g +r + s > 0. By symmetry, we may assume+ g > 0 without loss of
generality. First we consider the case where ¢. Using the relation (2.2) in Lemma 2.2,
we have

detv Pty x; 254, a5, ¢)

p+q—1
q+1
= (Zp+q — X)) @p+q — Xj) 1_[ (Zp+q_Zk)'dethq+ (xz',xj,z a cl],C)
k=1
- / I ! / / H
wherez = (z1, ..., Zp+4-1) anda;, aj andc’ = (7, .. .,cp+q_1) are given by
Ak — Cp+q .. ; €l —Cptq
ap=—— (k=1i,j), =—— (A<I<p+qg-1D.
Xk —2p+q 2l — Zp+q

Hence we have

Pf<deth+1*q+l(x,~, Xj,Z;4i,aj, ) detV/tLhs+l(y,; xj, w; bi, bj, d))
Xj—Xi 1<i, j<4

ptq—-1

—H(Zp+q Xi) 1_[ (Zp+q Zi)

Pf(deth"Hl(xi,xj,z al, a c’)detV”l”l(x,,xj,w bi,bj,d)
x

Xj—Xi >1<i,j<4
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by the induction hypothesis,

p+q—1

4
2
=[[Gpg =2 [] Gpig—20
i=1 i=1

1

X
H1<i<j<4(xj = Xi)

detv?~14(z; ¢') detv"* (w; d)

x dethH"”z(xl, X2, X3, X4, Z; ay, a5, a3, ay, ') detV’t25t2(x w: b, d)
by using the relation (2.2) again,

1
ngi<j<4(xj = Xi)

x detV" 25 2(x w: b, d).

detV?4(z; ¢)detV"* (w; d) detV?+241t2(x 7. qa, ¢)

If p < g, then we use the relation (2.3) in Lemma 2.2 and the case we have just proven.
Then we see that

Pf<detVP+1"1+1(x,-, Xj,Z;0ai,aj,c) detVrJrl’SJrl(x,‘, Xj, w, b;, bj, d))
Xj—Xi 1<i,j<4
- aiajflﬁifck~deth+LP+1(n,Xj,z;a;i,ail,c‘l)detV’+1J+1ﬁn,Xj,w;bi,bj,d)
- < Xj—Xi )1<i,jg4

4 p+q
a1 :
= a; Ci

=1 k=1

i

detV¥?(z; ¢ 1) detvV"* (w; d
[licicj<on(xj —xi) (z:¢7) (w; d)

x detV‘1+2’p+2(x, za L, c_l) detV"25t2(x w; b, d)
1

n1<i<j<4(xj — Xi)

detV?4(z; ¢) detV"* (w: d) detV?+24+2(x z: a, ¢)

x detV" 252 (x w: b, d).
This completes the proof of Proposition 2.10

Here we recall the Desnanot-Jacobi formula for determinants and Pfaffians. Given a
square matrixA and indicesy, ..., i, j1,..., jr, We denote bwll.ll"“’l; the matrix ob-

,,,,, r

tained by removing the rows, ..., i, and the columngy, ..., j. of A.

Lemma 2.3.

(1) If A is asquare matrix, then we have

detA] - detA3 — detA} - detA? = detA - detA . (2.4)
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(2) If A is a skew-symmetric matrix, then we have
12 3,4 13 2,4 14 2,3 12,34
PfAT; - PfAg, — PfAT; - PfAS, + PfAT, - PfAS3 =PfA-PfATS3,.  (2.5)

This Pfaffian analogue of the Desnanot—Jacobi formula is given in [7] and [6].

If x = (x1,...,x,) is a vector of variables and<€ i; < --- < i, < n are indices, we
denote by (2ir) the vector obtained from by removing the variables;,, ..., x;, .
Proof of theidentity in (1.4) in Theorem 1.1. We proceed by induction om. If n =1,
then there is nothing to prove, andnit= 2, we already proved (1.4) in Proposition 2.1.

Supposer > 3. Apply the Desnanot—Jacobi formula for Pfaffians (2.5) in Lemma 2.3 to
the skew-symmetric matrix

- (detV””"”l(xi, X,z a5, a;,¢)detV T 0y x; wi b, b, d)

Xj— X )1<i,j<2n.
Then the induction hypothesis tells us that, fa£ k < < 4, we have
1
(o — xu) [T (xi — x0) (x; — x17) [s<icj<on(xj —xi)
x detVP4(z; ¢)" 2 detV"* (w; d)" "2 dety" P Lnta=1(x kD) 2. q®kD ¢)

% detvn+r71,n+sfl(x(k,l)’ w: b(k’[), d),

k.l
PfAL! —

wherek’ and!’ are the indices satisfying, [, k',’} ={1,2,3,4} andk <[, k' <I’, and

1
H5<i<j<2n(xj = Xi)
y detvn+p—2,n+q—2(x(1,2,3,4)’ 21239 ¢)

detV?4(z; ¢)" 3 detV"* (w; d)" 3

1,234 _
I:)1:‘41,2,3,4 -

x detvn+r—2,n+s—Z(x(l,2,3,4) w: b(l,2,3,4) d)

Hence, by applying (2.5) and canceling the common factors, we see that, in order to prove
(1.4), it suffices to show

detyn+r—Lnta—1(x(12) 7. 412 o) detyntr—Lnts—1x(12) 4. 12 gy
X2 — X1
detyntr—1nta=1(x34) 7. 434 o) detyntr—Lnts—1(x34 4. pG g
% X4 — X3
detyntp—1nta-1(x (13 7. 413 o) detyrtr—Lnts—1x 13 4. p1I gy
X3 —x1
detyntr—Lnta=1(x 24 7. g4 o) detyntr—Lats—1(x 24 4. p2D g

X4 — X2

X



50196-8858(05) 00087-4/FLA AID:1062 Vol.eee( [DTD5] P.10 (1-37)
YAAMA:m1 v 1.50 Prn:2/11/2005; 15:13 yaama1062 by:? p. 10

10 M. Ishikawa et al. / Advances in Applied Mathemaiiés (eeee) eee—see

detvn+p—l,i1+q—1(x(1,4)’ Z a(1,4)’ C) detvn+r—l,n+s—l(x(l,4)’ w; b(l’4), d)

X4 — X1
detvn+p—l,n+q—l(x(2,3)’ Z; a(2,3), C) detvn-l—r—l,n—&—s—l(x(2,3)7 w; b(2’3), d)
X3 — X2

= detyP-2nta-2(y (1234 o 41234 )
x dety+7=2nts=2(x 1234 . p1234) q)

detV+ri+a(x, z: a, c) detV"" 5 (x, w; b, d)

H1<i<j<4(xj —Xi)

This is equivalent to the identity (2.1) with ¢, w, d replaced by

Z <« (x(l,2,3,4)’ Z), c <« (a(l,2,3,4)’ c)’ w <« (x(1,2,3,4)7 w)7 d <~ (b(1,2,3,4)7 d),
respectively, and it is proven in Proposition 2.1. This completes the proof of (1c#).

Remark 2.4. We can also reduce the proof of the other identities (1.3), (1.5) and (1.6)
in Theorem 1.1 to the case af= 2 with the help of the Desnanot-Jacobi formulae. It
is easy to show the case of= 2 of (1.3) by using the relations in Lemma 2.2 and in-
duction onp + g. Also we can prove (1.5) (respectively (1.6)) in the caseref 2,
by regarding both sides as polynomialszp and showing that the values coincide at
(2p + 3) distinct pointsz, . ..,z,,_l,zl_l, .. .,z;fl,xl,xg, y1, y2 and —1 (respectively
21,00y 2p—1, z[l, . z‘fl, X1, X2, x3, x4 and—1) with the help of induction.

But, in this paper, we adopt another method, namely, we “homogenize” the identity (1.4)
and derive the other identities from this homogeneous version (3.3).

3. Proof of theidentities (1.3), (1.5) and (1.6)

In this section, we give a homogeneous version of the identity (1.4), which is shown in
the previous section, and derive the identities (1.3), (1.5) and (1.6) from this homogeneous
version.

Throughout the remaining of this paper, we use the following notation for veeters
(x1,...,xp) andy = (y1,..., yn):

X+y=x1+y1,..., X0 + Yu), Xy = (X1y1, .., XnYn),
and, for integer¢ and!,

M=k xh), xRy = (bl D).
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We introduce a homogeneous version of the maitrix? (x; a) as follows. For vectors

x, y, a, b of lengthn and nonnegative integeys g with p + ¢ = n, we define a matrix
U+ (5]4) to be then x n matrix with ith row

y,',...,b,'yl-q_l).

-1 -2 -1 -1
P gl P b by

q—2
i s diXp Vi ai); X

(aix

Then the following relations between dét-¢ and det/”-9 are easily shown by elemen-
tary transformations, so we omit their proofs.

Lemma 3.1.
xla p+q
dety 74 ( b) = 1_[ akx,f_l ~detV P4 (x~ty;a thx?7P). (3.1)
k=1
In particular,
1)1
detV?4(x;a) =detU?1? , (3.2
X |a

wherel=(1,...,1).
Now we give a homogeneous version of the identity (1.4).
Theorem 3.2. Letn be a positive integer and lgi, ¢, r and s be nonnegative integers.

Suppose that the vectats y, a, b, ¢, d have lengti2n, the vectors, 5, o, 8 have length
p + ¢, and the vectorg, w, y, § have length- + 5. Then we have

detUl’+1ﬂ+l(xi’xf’§ “i’“/""‘)detUr+1,s+1<Xi,x]wC c,»,cj,y>
bf yi,yj-n|bi,bj, B yi,yj,@ |di,d;j,8
det(xi xj)
Vi v 1< <o
- ! det/ 74 (‘E “)nldetU“‘ (C ”’)”l
l_[1<' ) det(xi Xj> n|B ®|é
SIS i Yj

x dety"+pn+a (x,§
Y1

a, o n+r.n+s [ X s
b, ﬁ) detU (y’ o

c, y
7 5) . (3.3)

The special case gf = g =r = s = 0 of this identity (3.3) is given by M. Ishikawa [4,
Theorem 3.1], and is one of the key ingredients of his proof of Stanley’s conjecture.

The identity (1.4) is equivalent to (3.3). It follows from the relation (3.2) that (3.3)
specialize to (1.4) by setting

x=a=c=1y, f=a=1,y,, (=y=1L
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and renaming the variables. Hetestands for the all-one vector of lengthAs we see in
the following proof, we derive (3.3) from (1.4).

Proof of Theorem 3.2. In the identity (1.4), we substitute as follows:

x <—x_1y, z <—’§_117, w <« c_lw,

a<—atbx?7P, c—aBEIP, bcldx', d<y 5. (3.4)

By using the relations (3.1) and

R 1
Xj Xi Yi Yj

we see thatthg, j) entry of the left-hand side of (1.4) under the substitution (3.4) becomes

(ajajx! ]_[p+q arsl) Heieix X ThE me)™
—1_—1
X; X
detUP+1,q+l xl‘ﬂxjag alaajv detUr+l_S+1 (‘xi"xj’; Ci,Cj,y
x Yiy)’], bl7b]7ﬂ yiaij") diadj75
det( i xj)
Yi Yj

Hence, by noting the linearity of Pfaffian

2n
Pi(iajajaij)i<i<j<on = A" l—[vli -Pf(aij)1<i<j<on,

i=1

we can see the Pfaffian on the left-hand side of (1.4) becomes

2n -1 /p+q rts —n
-1
(H aicix! ™" ) (l_[ &l l_[ )’iCir)
i=1 i=1 i=1
p+lg+1 [ i, x, & |aj,aj, r+Ls+1 [ X Xj, 8 | civcjLy
detU (y, biob) ﬂ> detU (yi, Vo | did;, 3)
x Pf
det(x" xf)
) 1<i<j<n

On the other hand, using the relations (3.1) and

2n
Vi y,-) —2n+1 (xi xj)
——=)=11=x det ,
l_[ (xj Xi Lllk 1_[ i Yj

1<i<j<2n 1<i<j<2n !
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we see that the right-hand side of (1.4) becomes

1 1

2’ _ . Xi Xi
Tz x> Tlicizj<on det(}; \,j)

p+q —n+1 rds —n+1 E
-1 e
(Taer)  (Tner) oo (§

i=1 i=1

o n—1 ¢y n—1
r,s
5) dewr (5]7)
n p+q =1 /09 r+s -1
-1 -1 _ —
> (Haixirl+p l‘[aiéin—&-p ) (Hcixin—w 11_[Vi§,'n+r l)
i=1 i=1 i=1 i=1
c,y
dsé)’

Comparing the both sides and canceling the common factors, we obtain the desired iden-
tity (3.3). O

x dety" Pt (x,‘g'
y. 1

a,o n—+r,n+s X, C
b, /3) detU (y, o

In this setting, a homogeneous version of (1.3) is a direct consequence of (3.3). A key is
the following relation between determinant and Pfaffiam I anym x (2n — m) matrix,
then we have

0O A\ _[(1"»=D2detA if m =n,
Pf(—’A 0>_{0 if m #n. (3:5)

Corollary 3.3. Letn be a positive integer and lgt and ¢ be fixed nonnegative integers.
For vectorsx, y, z, w, a, b, ¢, d of lengthn, and vectorst, 5, «, B of lengthp + ¢, we
have

1,q+1 (xi-2j.§ | aj.cj.a
o U G ) ek
Xi Zj - Xi Zj
det(yi wj) 1<i, j<n Hlél\jén det(y,' wj)
£l n-l x, 2,8 |a,c,a
x dety?4 dety™trnta (= i 3.6
(n ﬂ) yown|bd (3.6)

Proof. In (3.3), we take- = s = 0 and put

Cl:"':Cn:la CrH—_‘]_:"':CZn:O’

di=-=d,=0, dpj1=-=dp =1 (3.7)
Under this substitution (3.7), we have

- o 0 ifl<ij<norn+1<i,j<2n,
‘“‘f>=det<c’_ '):{1 if 1<i<nandn+1<j<2n,

11 Xi»Xj
det/ < d;,d; ¢j d; ! ! .
: -1 ifn+l<i<2nandl<j<n.

Vi Yj
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Hence, by (3.5), we see that the left-hand side of (3.3) becomes
+1,g+1 (%isXntj. &
detUp 1 ()"ivYnij"ﬂ

a,-,a,,Jrj,oc

bi-bn+j~l3
Xi Xp+j
det( i n+_/)

Vi Yntj 1<i.j<n

(_1))1(}171)/2 det

On the other hand, under the specialization (3.7), we have
c (x?_jyij_l)1<‘ i< %
) =det ShISn

d n—j_ j—1 )
0 (xn+i Yn+i )1<i,jgn

= det( xf) det(xi xf).
H (yi Yj 1_[ Yi Yj

1<i<j<n n+l<i<j<2n

dety™" (x
y

Thus the right-hand side of (3.3) becomes

n—1
“) detyntrnta (x &
B y.n

1 a, a)
Xi Xn+j b .
ngi,jgn det()’i ,Vn+j) 7ﬁ

Lastly, if we replace the variables ag.; = z;, yutri = w;, ap+i = ¢; andb,; = d; for
1<i < n, then we obtain the desired identity (3.6). This completes our praof.

detu?4 (E
n

Now it is easy to derive (1.3) from (3.5) by using the relation (3.1). To prove the re-
maining identities (1.5) and (1.6) in Theorem 1.1, we need the following lemma.

Lemma 3.4. Letn be a nonnegative integer.
(1) Forvectorsx,a and1=(1,..., 1) of length2n, we have

1+ax
X +a

X

n,n
detU <1+x2

) = (=" D2 detw? (x; a). (3.8)

(2) Forvectorsx,a and1=(1,...,1) of length2n + 1, we have

1+ ax?

l+a

n,n+1 X
detU <1+x2

) = (=" D2 getw 2t (x: q). (3.9)

Proof. By definition, we have

saf X e
detU (1+x2 d)
_ det cix? (14 x2) 7 if1<i<p+qand1<j<p,
dixf+q7](l+xi2)]_p_l ifl<i<p+gandp+1<j<p+qg. .
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By performing appropriate elementary column transformations, one can see that this de-
terminant is equal to

Pt if1<i<p+qgandj=1
det " H14x297D) if 1<i<p-+qgand2<<p, (3.10)
dlxiq ! fl<i<p+qgandj=p+1, '

dl-xlf”+q_j(l+xi2(j_p_l)) fl<i<p+gandp+2<j<p+gq.

() First putg = p =n, ¢; = 1+ a;x; andd; = x; + a; for 1 <i < 2n. Then the above
determinant (3.10) is equal to

x;1*1+a, if1<i<2nandj=1,

detl 17 " g - LT g ifl<i<2nand2< i <n
x! +a,”1 ifl<i<2nandj=n+1,
X 2 LT 1< <2nandn +2< ) <2n.

Subtract the first column from th@ 4 2)th column and subtract th@ + 1)th column from

the second column, then subtract the second column fro th&)th column and subtract

the (n + 2)th column from the third column, and so on. We continue these elementary
column transformations until we obtain

detl 15 T fap!™ 7 if1<i<2nand 1< j <
xij l—i—a,znj ifl<i<2n andn+l<J 2n. ]’
which is (—1)"®=D/2detw? (x; a).
(2) Next we takep =n, g =n+1, ¢ =1—|—aixi2 andd; =1+4+a; (1<i<2n+1)
in (3.10), then we obtain

g gttt if1<i<21i+1landj=1,
det xl” T ™ T2 T2 it <i<2n+land 2< i <,
x +a,l fl<i<Zn+landj=n+1,

2n+1 J

xi2n+lfj+a,-xij*l fl<i<2n+landn+2<j<2n+1.

We subtract the first column from th{e + 2)th column and subtract th@ + 1)th column
from the second column, and then subtract the second column from th&)th column
and subtract thén + 2)th column from the third column, and so on. We continue these
elementary transformations until we obtain

X" i "+J
det J 1 aix 2n+1 Jj If !
X; if 1

i<2n+land 1< j <n,
+ a;x; < 2n+ 1.

<
<i<Zn+landn+1<j <

which is equal tq—1)""~D/2detw?+1(x; a). This completes our proof. o
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Now we can finish our proof of Theorem 1.1.
Proof of the identities (1.3),(1.5) and (1.6) in Theorem 1.1. As we mentioned before,
the identity (1.3) follows from (3.6) by virtue of (3.1).

We derive (1.6) from (3.3). First we consider the case where pett?/ andg = 2m are
even. In (3.3), we takp = ¢ =1 andr = s = m, and perform the following substitutions:

X <X, y<—l+x2, § 1z, ﬂﬁl—i-zz, < w, 0 <1+ w2,
a<~14+ax, b<x+a, c<1+bx, d<x-+0b,
a<1l4+cz, B<z+ec, y<«<1l+dw, §<—w+d.

By using the relation

det( KPR 2)=(x-—x)(1—x-x~),
14 x; 1+xj ! J el

and (3.8) in Lemma 3.4, we see that the identity (3.3) becomes

pf (= 1)!HD/2Hmn+D /2 detw 242 (x; x z304,a;,¢) detW 2"+ 2 (x; x; wibi b . d)
(xi—xj)(A—x;x;)

>1<i<j<2n
1

1<i<j<on @i — %)) (L —xixj)

— (—) - DOHE-DG L)

x detW? (z; ¢)" "L detW?" (w; d)" L detW?' % (x, z; a, ¢) detW?'t2" (x , w; b, d).

Since we have

n—DII-D/2+mn—Dmm —1)/24+@n+D(n+1—-1)/24+n+m)(n+m —1)/2
=n{l(l+1)/2+m(m+1)/2} +n(n -1,

we obtain the identity (1.6) whep andg are both even. We can prove the other cases
similarly by using (3.8) or (3.9) according @asandg are even or odd.

Also the remaining identity (1.5) can be derived from (3.6) by using (3.8) or (3.9). The
details are left to the readero

4. A variation of the determinant and Pfaffian identities

In this section, we give a variation of the identities in Theorem 1.1, which can be re-
garded as a generalization of an identity of T. Sundquist [19]. This variation is proposed
by one of the authors.
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Letn be a positive integer and Igtandg be nonnegative integers wigh+ g = n. Let
x = (x1,...,x,) anda = (ay, ..., a,) be vectors of variables. For partitiohsand .« with
(M) < pandi(u) < g, we define a matriWA’f’:(x; a) to be then x n matrix with ith row

A Ap—1+1l A, 242
(xi r X, P o

s Ay 9 e e

A -1
X 1+p

Hq
) X; a;x

ﬂq—l"l‘l
» Ai X; i X

#q—2+2
y Ai X; ajx

oMitg—1
LA X; see o QX )

For example, if. = 1 =, then we have/; ! (x; @) = V74 (x; a). Let P, denote the set

of integer partitions of the fornfws, ..., a la1 + 1, ..., + 1) in the Frobenius notation
with ¢1 + 2 < n. (Son > 2). We define

2

rePp, uePy

FPi(x;a)= () PHID/2 ety (x; ).

For example, ifp = ¢ = 1, then FY1(x;a) = ap — a1, and, if p = g = 2, thenP, =
{9, (1,1} and

1 x1 a1 aix X1 Xx; a1 aixy
1 x2 az axx x2 X2 a» asx
1 x3 a3 a3zx3 X3 X5 a4z asxs
1 x4 as aaxs X4 xf as  asxs
1 x1 aix1 ale X1 xf aixy ale
2 2 2
_ det 1 x2 aox2 axx; + det X2 X5 azx2 ax;
1 x3 azx3 a3x§ X3 x% asxs a3x§
1 x4 agxa a4x§ X4 xi asx4 a4x§

The aim of this section is to prove the following theorem:

Theorem 4.1.

(a) Letn be a positive integer and lgt andg be nonnegative integers. For six vectors of
variables

X=(X1,...,%n), y=01,...

b= (by,.

syn), 2=(21,...

. bn),

s Zp+q),

a=(ay,...,ay), C:(Cl,...,cp+q)

we have

de[(FpH’qH(xi, yj»2;ai,bj, C))
(yj —x)(L—xiyj) 1<i,j<n

(_1)n(n—1)/2

L0 — 0= xiy))

FPa(z;e)" LF" PV (x, y, z;a,b,c). (4.1)
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(b) Letn be a positive integer and let, ¢, r, s be nonnegative integers. For seven vectors

of variables
xX=(x1,...,x2), a=(ay,...,az), b=(b1,...,b2),
Z:(Zl,...,Zp+q), cz(Cl,...,Cp+q),
wz(wlv°"’wr+b‘)’ d=(d17°"7dr+s)’
we have

Pf<Fp+1’q+1(xi’ xj.ziai,aj, ) F PTG x i wibi, by, d)>
(Xj —xi)(l—xin) 1<i, j<2n
_ 1
B [Ticicj<on®j —x)(1 = xix))

x F'"PPrtd (x zoq, ¢) F"T " (x w: b, d). (4.2)

FPa (Z; C)n—lFr,s (w; d)n—l

In particular, by puttingp =g =r =s =0 andb; = x; for 1 <i < 2n in (4.2), we
obtain Sundquist’s identity [19, Theorem 2.1].

Corollary 4.2. (Sundquist

ai —a
1—xixj/1<icj<on

(_1)n(n—l)/2

> (P2 detv (x; a). (4.3)

H1<i<j<2n(1 — XiXj) Py

In order to prove Theorem 4.1 and Corollary 4.2, we need a relation bet#/ee(x; a)
and detV?9(y; b).

Proposition 4.3. We have

p+q
FPa(x:a) = (—1)D+® I1 xP7t detv P9 (x +x 7 axd7P),

i=1
O+ @ gewra (. * |1
(-1 detU 1422 a) (4.4)
where
x+x 1= (x1+xfl»---vxp+q +x1:iq)’
ax? P = (alxg_p, R ap+qx;7,;5),

T+x?=(1+xf....1+x3,,).
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Here we give a proof by using the Cauchy—Binet formula. Ket (a;;)1<i<m, 1< <n
be anm by n matrix. For any subset$ = {i1 < --- <i,} C [m], and J = {j1 <
<o < Jr} Cnl, let Aﬂ(A) denote the submatrix obtained by selecting the rows indexed
by I and the columns indexed b¥. If all rows or columns are selected, i.e./it= [m] or
J = [n], then we simply writeA ; (A) or A’ (A) for A[J’"](A) or A[’n](A).

Lemma4.4. LetX andY be anyn x N matrix andA be anyN x N matrix. Then we have

def(XA'Y) =) deta(A)deta; (X)deta, (Y), (4.5)
1,J

where the sum is taken over all paifs, J) of n-element subsets gV ].
For a partitionh with length< r, we put
I = hp1+ 1 A2+2, ... A1 +r —1).
Then a key of the proof of Proposition 4.3 is the following lemma.

Lemma 4.5. Let D, be the followingr x (2r — 1) matrix with columns indexed by
0,1,...,2r —2:

0 r—2 r—1r 2r—2
1

1 1
Then the minor oD, corresponding to a partition is given by

_1\r(r=D)/2+|r/2
detA;;y (D) = { (~D)r =D i ) e P.”
0 otherwise.

Proof. First we show that det;;)(D,) = 0 unlessk € P,.. Suppose det;;(D,) # 0.
Since the first row of the matri, has only 1 in the(r — 1)th column, we must have
r—1eI). If we denote byp = p(1) the length of the main diagonal of the Young
diagram ofx, then we have

p=#i: i i)=#i: hi+r—i>ri=#kelIO): k>r}.

Hence the elements, +r — 1> --- > A, +r — p are the largesp elements belonging
in 1(2). Since the Frobenius’ Lemma ([12, (1.7)]) says that

hi+r—it1<i<riU{r—14-"4;:1<,<r—-1}={0,1,...,2r - 2},
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we see that the elements- ‘A1 < --- <r — 14 p — 4, are the smallesp elements not
belonging inZ(x). On the other hand, by noting that théh column of D, is identical
with the (2r — 2 — k)th column, we have, ik #r — 1, thenk € I (1) if and only if 2r —
2—k ¢ I(A). Therefore we have

MAr—i+(r—1+i-"2)=2r—-2 (1<i<p).
So we havér; = A; + 1 for 1<i < p, which impliesi € P,.
Next we show that, it = (a|a + 1) € P,, then detd; )y (D,) = (—=1)""—D/2H/2 =

(=1)rr=D/2+lel+r Note thatA ;) (D,) is a permutation matrix. Let be the permutation
corresponding ta\; (), (D,). Then we have

cH>0(@)>-->00r—-—p-1,
o(r—p)=1, or—p+D=a,+2, ey o(r)=a1+2.
The number of pairgi, j) such that < j ando (i) < o (j) is equal to
(a1+1)+--~+((xp+1)=|oc|+p,
so we have
detA; (D) =sgn(o) = (1) "~ V/2-lel=r
Proof of Proposition 4.3. In this proof we puin = p + ¢ for brevity. Apply the Cauchy—

Binet formula (4.4) to the followingp + g) x (2p + 2 — 2) matricesX andY (and the
identity matrixA):

2p—2 2q9—-2
1 x1 - xP7° a1 axqp oo apxi?
D, © ! !
X:( 0p D ), Y= : : : :
q 2p—2 ) 2g-2
1 x, - Xm am AAmXm - AmXm

LetCUuC’'={0,1,...,2p —2}U{0,1,..., (29 — 2)'} be the set indexing the columns
of X andY. Let be a subset of U C’ which has cardinalityp + ¢ and consider the
minors of X andY obtained by choosing the columns with indiced inThen we have

detA;(X)=0 unless#iNC)=pand#INC)=gq

Suppose that@ N C) = p and #I N C’) = ¢ and that the subsetsN C and I N C’
determine partitiona andu, i.e.,/(A\) =INC andl(x) =1 NC’. Then, by Lemma 4.5
and the definition o¥/”’ q(x a), we have

detAI(X) — { (— 1)(2)+(q)+|)t|/2+|l‘«|/2 = 7) andpb eP,,
otherW|se

detA;(Y) =detV,”, ‘f(x a).
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Hence the Cauchy-Binet formula gives

def(X'Y)= )  deta;(X)detA(Y)
Iccuc’

= Y ) (2)+(@+IM/2+ /2 detv,”! (x; a).
LePp, nePy

On the other hand, we have

det(X'Y)
xf71 xf +xf72 x]2_p72 +1 alxgil al(xg —|—x§72) al(xlz_q72 +1)
= det :
—1 T p=2 2p-2 q-1 L og-2 —2
kel P4 amx Tt amh 42D amGad 24D

Now, by applying elementary transformations and by using the relations
3 (2% 2k
—1\2k _ 2%—2i —2k+2i
e ()
i=0
k
2k+1 . .
(r+x2H = 3 < ,+ )(x2k21+1 §x 221,
i=0

we have

m —1.i-1 . . .
_ T fl<i<mandl1l<j<p,
det(X’Y):l_[xif’l.det<{(x’q);’) o, M<ismandl<y<p )
i1 aix; " (xp+x; )P fl<i<mandp+1<;j<p+gqg.

m
= Hxip_l -detV”9(x + x L ax?77)
.

. Od
a

Remark 4.6. By the above argument in the caseqof 0, we actually show one of the
Littlewood’s formula

st(xl,...,x,1)= 1_[ (1—xix;).

rePy, 1<i<j<n

Now we are in position to derive Theorem 4.1 from Theorem 3.2.
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Proof of Theorem 4.1. Note that

1 2
dm(i 1i§2)=(x—yX1—xw.

First we prove (4.2). From the above relation (4.6) and (4.4), we have
Frtatlg xj, zyai, a5, ) F (0, xj, wi bi, by, d)
(xj —x)(A—xix))

(~pH BN

i 1+x?
deq, ;. 2)

p+1lg+1 Xir XjsZ
x dety <1+xﬁ1+x%1+z2

111
ai,aj,c

r+1s+1 X, Xj, W 1,11
x detU <1+xi2,1+x12-,1~|—w2 ‘ bibj.d)

Hence we apply (3.6) to obtain

Pf<Fp+l’q+1(xi,xj, ziap,aj, ¢)FT sty x;, w; b, by, d))
(xj —x;)(A— xix;) 1<, j<2n

(=) (5D 4n (Y

xi 14x2
[lici<j<on de‘(xl,. 1+xl/2_)

1 n—1 - w 1 n—1
c) dety <1+w2 d)

17 1 n—+r,n+s X, w
a,c) detl/ 1+ x2,14+ w?

P z
X detU <1+ Z2

n+p,n+q X,z
X detU (1+x2’1+z2

b.d

P.22 (1-37)
by:? p. 22

(4.6)

= (=1 "))+ + =D Q) +-DG+r-D R +a-DE+(F)+(F)+( ) +('3

1
X
[Ticicj<on (& — %) (1 —xixj)

x F"PPntd (x zoq ¢)F" TS (x w: b, d).

FP4(z; ¢)" Y F"S (w; d)" 1

If we use the relation

3)-2()-5) )

then we obtain the desired identity. This proves (4.2).
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The determinant identity (4.1) can be proven by the same method by using (4.6), (4.4)
and (3.3), so we omit the detailed proof

Proof of Corollary 4.2. Ifwe putp =g =r=s=0andb; =x; (1<i < 2n)in (4.2),
then we have

pf(u> _ !
1-xixj )1<ij<om igicj<on®j — %) (1 —xix;)

F""(x;a)F™"" (x; x).

From the relation (4.4), we see that

2n
F""(x;x) = Hxi"_ldetV"’"(x +xLx).
i=1

And, by applying appropriate elementary column transformations, we obtain

_ i—1 —
FU i) = (D" Vel ) g e, = (D" T -,
1<i<j<2n

This completes the proof of the corollaryc

In Theorem 4.1, we can replade?-?(x; a) by the following linear combination of
detVA’ff (x; a):

GPixiay= Y (-2 dety (x: a),
)\EQp’ //-EQq

HP(x;a) = Z (— 1) MHPOIHl+p())/2 detVf,’j (x:a),
reRp, neRy

whereQ,, (respectivelyR,) is the set of partitiong with length< » which is of the form
A = (o + 1]) (respectivelyh = (a|a)) in the Frobenius notation.

The following Lemma and Proposition can be proven by the same idea as Lemma 4.5
and Proposition 4.3, so we leave the proof to the reader.

Lemmad4.7. LetC, (respectivelyB,) be ther x (2r + 1) (respectively: x 2r) matrix given
by
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0 r—2 r—=1r r+1 r+2 2
-1 0 1
-1 1
Cr =
-1 1

Then we have

(1) For a partition A of length< r, we have
detA; (1) (B,) — { (DU BPON2 it 5 e R,
otherwise.

(2) For a partition A of length< r, we have

detA,(,\)(c,):{( DD+ it e 0,
otherwise.

Proposition 4.8.

GP(x;a) = (—1) D+ ]_[x” Y(1—x?) - detv?9(x +x L axiP),

i=1
1
al’

ptq
HP(x;a) = (-)(D+O l_[ M1 —x) - detv P (x +x 7 axd7P),

i=1
1
a)

= (-1D+O ]_[ — x2) - dety P4 (1 fxz

= (- ]_)( )+(%) 1_[(1 x;) - dety P-4 (1_:x2

i=1

In particular, we have

p+q

GP(x;a) = l_[ (1—xi2) -FP9(x;a),
i=1
p+q

HP(x;a)= [[A—x) - FP4(x; a).
i=1
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From these relations, we have determinant and Pfaffian identities invalifrigx; a)
andH?4(x; a) similar to (4.1) and (4.2). More generally, we can consider, for example,

Z (_l)(l)»|+\li|)/2 detv)f’;f(x; a),
rePp, neQy

which can be expressed in terms of ¥ét? or detU 4.

5. Another generalization of Cauchy’s determinant identity

In this section, we give another type of generalized Cauchy’s determinant identities
involving detV?:4 and detV?.

Theorem 5.1.

1
de Tg+1
detVr+iatlx, yi z;a:,bj,¢) ) 1<i j<n

YD, detV PR g ziag a0 detV PRIy y 20 b by o)

, (5.1
H?,jzldEtVP+1"1+l(xi, yj.ziai,bj, ¢ ®-1)
1
de( 3 )
B ("D i, AetWPH2(x; x ) 2107, €) detWPH2(y;, v, 23 b b, ©) (5.2)

[T} j—1 detWP+2(x;, yj. 2505, bj, )

If p =¢ =0, then the identity (5.1) becomes

de[( 1 ) _ (-pre-vi2 [licicj<nlaj —a) (b —bi)
b] —aj 1<i,j<n l_[?,jzl(b] _ ai) ,

which is equivalent to Cauchy’s determinant identity (1.1).
In order to prove Theorem 5.1, we put

f(x,y;a,b)= detyPThatL (. v,z;a,b,c), or deth+2(x, v,z;a,b,c).

The proof is based on the quadratic relations amgng y; a, b)'s, which follows from
the Plucker relation for determinants.

Lemmab.2. Let(ay, a2, az, aa, x1, ..., x) be a(m + 2) x (m + 4) matrix. If we put

D(i’j)ZdeKaiaaja-x19"'?xm)a
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then we have

D(1,2)D3,49 - D(1,3)D(2,4+D(1,4HD(2,3)=0

Proposition 5.3. The polynomials (x, y; a, b)'s satisfy

f(x1, x25 a1, az) f (y1, y2; b1, b2) — f(x1, y1; a1, b1) f(x2, y2; az, bo)
+ f(x1, y2: a1, ba) f (x2, y1; a2, b1) = 0. (5.3)

Proof. Apply the Pliicker relation to the transposes of the matrices

1 x1 - alx‘l] 1+a1x[’+1 xl+gle p+l+a1
1 xp --- azxg 1+a2xp+l xz—i—azxg p+l+a2
1 y1 - byt 1+b1yp+l yi+biy! - ”+1+b1
1oyz o b3 | oor | T4bad™ yatbay) o ”“+bz ,
1 - af 1+ clzp+1 ity p+1 +c1
1 zw - Cmihm 1+cl,zerl zp+cpz£ p+l+c,7

wherem=p+q. O

Proof of Theorem 5.1. We proceed by induction om. In this proof, we writef (x;, x;)
(respectively f(x;, y;),f(yi,y;)) instead of f(x;,xj;a;,a;) (respectively f(x;,y;;
ai,bj), f(yi,yj; bi,bj)).

If n =1, then there is nothing to prove, anduif= 2, then the desired identities are
equivalent to the quadratic relations (5.3).

Suppose: > 3. Applying the Desnanot—Jacobi formula (2.4) to the matrix

~(755)
TGy Jacij<n

Then, from the induction hypothesis, we have

(=D VO=D2TTE 5 f s xi) f s ¥i) Tlacijn f s X)) f (i )

detA} =
e F Gy yi) Tliza f G, ) f Geiy yi) T1E j=g f (xis v))

)

where 1< k,1 < 2 and the indiceg’ and!’ are determined by the conditidi, £’} =
{I.I'}=1{1,2}, and

de tA12 (- 1)(71 2= 3)/21_[3<1<]<nf(x"x])l_[3<z<]<n f(yl’y]
1.2 1_[1] 3f(xlvyj
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By canceling the common factors, we see that, in order to prove the identity, it is enough
to show

—f(x1, x2) f(y1, y2) = f(x1, y2) f(x2, y1) — f(x1, y1) f (x2, y2).

This is equivalent to (5.3). O

6. A hyperpfaffian expression

H. Tagawa finds that dét™"(x; a) is expressed by a hyperpfaffian. The aim of this
section is to prove this expression.

First we recall the definition of hyperpfaffians (see [11]). kedndr be positive inte-
gers. Define a subsét,, , of the symmetric groups,,, by

Ernn = {0 €S a(n(i -D+ 1) < a(n(i -1 +2) <--v<omi)forl<i< r}.
For example, il = r = 2, then&, 2 is composed of the following 6 elements:

£a2=1{(1,2,3,4),(1,324),(1,4,2,3),3,4,1,2,(24,1,3),(2,3 1,4}

Leta = (aiy,....i,) 1<i<-<ip, <nr D€ @n alternating tensor, i.ei.“(l),_._,,-g(n) = sgn(o)aj,
for any permutations € S,,,. The hyperpfaffian of: is, by definition,

----- In

1 r
Pf["](a)=r—! > sgno) [ [aomi—111)....omi)-

0 €€ i=1

An alternating 2-tensoa is a skew-symmetric matrix and the hyperpfaffiat®Rf;)
is the usual Pfaffian of the skew-symmetric matrix. J.-G. Luque and J.-Y. Thibon [11]
computed the following composition of hyperpfaffians by using the Grassmann algebra.

Proposition 6.1. ([11]) Let n andr be positive integers and assume- 2m is even. Given
a skew-symmetric matrid = (a;;) 1<, j<nr» We define an alternating-tensor A"l by
putting

(A[n])l.1 ’’’’’ W= Pf(ai, i1k i<n forl<ii<--- <i, <nr.

Then we have

(mr)!

(m!) r!

pflrlAltly = Pf(A). (6.1)

The main theorem in this section is the following.
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Theorem 6.2. If n is even, then

detvn,n(x; a) — pf[”] <1+ l_[ais) 1_[ (xir — xix) s (62)
s=1

ISs<tsn 1<ig <o <in <20

dety™" (*
y

) pfln] <na,Y+Hb,S> I1 det(iéj ’;) . (6.3)

ISs<isn 1<ip < <in <20

To prove this theorem, we need to compute the following special Pfaffian and hyper-
pfaffian.

Lemma 6.3. Letn andr be positive integers and assume- 2m is even. Then we have

m __ ,m\2 .

Pf (xl' xi') _ Hl<i<j<n(xj = Xi) !f r=1, (6.4)
Xj =X Jagij<nr ifr>2,
1<s<t<n -

1<it< - <ip<nr

Proof. There are several ways to prove the identity (6.4). Here we appeal to Theorem 1.1
(1.4). Ifwetakep =g =r =s =0and puly; =b; =x;" (1<i <nr)in(1.4), we have

_,mn\2
pf(u) — 1 detyr.mr (x; xm)z'
Xj—Xi 1<i, j<nr nl<i<j<nr(xj — Xi)

If r =1, then de¥V™ ™ (x; x™) is the usual Vandermonde determinant and

dety™" (x; xm) = H (xj — x;).

1<i<j<n

If r > 2, then thgm + 1)st column of V""" (x: x™) is the same as them + 1)st column,
so we have det™"™" (x; x™) = 0. Hence we obtain (6.4).

Next we prove (6.5). Apply Proposition 6.1 to the matix= ((x7" — x{")z/(xj —
xi))1<i, j<nr- Then it follows from (6.4) that '

(x lr[n_xm)Z

pfl] Xi, — X, = pflnl| pf{ —L—%—
t s
1<s<t<n 1<ir<-<ip<nr Xip = Xip 1<k, i<nd1<it < <in <nr

m my2
_ _(mn)! Pf<(x'/ —x") ) ‘
(m)r! Xj— X 1<i, j<nr

Again using (6.4), we obtain the desired identity]
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Now we are in position to prove Theorem 6.2.

Proof of Theorem 6.2. The identity (6.3) immediately follows from (6.2) by noting the
relation (3.2), so we prove (6.2).
Let ([2:]) denote the set of all-element subsets ¢2n] = {1, 2, ..., 2n}. For a subset

1 € (*), we put

n

a1=1—[ai, A(xy) = l_[ (xj —xi).

iel i,jel
i<j

By the Laplace expansion formula and Vandermonde determinant formula, we have

viray= Y (DD a A AG ),
(@

where we writg/| = )", _; i and denote by the complementary subsgtn [2x].
On the other hand, by the definition of hyperpfaffians, we see that

Pf["][(l—i-a[)A(x,)]I:% > ) A 4 ap) A DA+ are) AGxre)
e

2n
= (1+ ]_[a,») Pf[”][
i=1

+ Y g A AR ).
1@

1_[ (xi, —xi_y):|

1<S<t<}’l 1<ll<<ln<2}’l

By (6.5), the first term vanishes, and we obtain the desired formuta.

At the end of this section, we should remark that H. Tagawa has a similar hyperpfaffian
expression for the case that= ¢ is odd. It has slightly different from the cage= g is
even, but we don’t have any general formula wheg g.

7. Application to Littlewood—Richardson coefficients

In this section, we use the Pfaffian identity (1.5) in Theorem 1.1 and the minor-
summation formula [5] to derive a relation between Littlewood—Richardson coefficients.
For three partitions.,, « andv, we denote by LIB’V the Littlewood—Richardson coeffi-

cient. These numbers Lﬁﬂ appear in the following expansions (see [12]):
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su(X)sy(X) =D LR |, 5:.(X),
A
Sin(X) =Y LR: | s,(X),
%

(X, Y) =D LRL s, (X)sy ().

J7RY)

We are concerned with the Littlewood—Richardson coefficients involving rectangular
partitions. Let(l(a, b) denote the partition whose Young diagram is the rectangteb,
ie.

O(a,b) = %) = (b, ..., b).
——

a
For a partitions C C(a, b), we define a partition” = AT(a, b) by
W=b—t1 A<i<a).

This partitioni! is the complement of in the rectangl&l(a, b).
Okada [13] used the special case of the identities (1.3) and (1.4) (i.e., the case of
g =0andp =g =r =s =0) to prove the following proposition.

Proposition 7.1. Letn be a positive integer and letand f be nonnegative integers.
(1) For partitions i, v, we have

LRD(n,e) — { 1 ifv= /LT(}’Z, e), (71)
Hov 0 otherwise.

(2) For a partition A of length< 2», we have

A _ 1 ifa,pr<mine, f)andir; +Agp1—i=e+ f (A<i<n),
LRO0.0.00./) = {0 othl:erwise. l l (7.2)

The main result of this section is the following theorem, which generalizes (7.2).

Theorem 7.2. Letn be a positive integer and letand f be nonnegative integers. Liet
and o be partitions such that the lengtiih) < 2n andu C O(n, ). Then we have

(1) LR* =0unless
w0, )
A2 f and Ant1l < min(e, . (73)

(2) If A satisfies the above conditigi.3) and we define two partitions and 8 by

aj =A; — f, Bi=e—Axyy1—i (A<i<n), (7.4)
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then we have

A _ B
LR..06. 5 = LRy utne -

In particular, LR/ﬁ O, ) = O unlessy C B.

In particular, if u = O(n, e) is a rectangle, then this theorem reduces to (7.2), because
LR""@ = éq,p. If is a near-rectangle, then we have the following corollary by using Pieri’s
rule [12, (5.16), (5.17)].

Corollary 7.3. Suppose that a partitioh C J(2n, e 4+ f) satisfies the conditio(i7.3) in
Theoreni’.2. Define two partitiongr and 8 by (7.4). Then we have

LR |1 if B/« is a horizontal strip of lengtf,
e Le=k).(f") ~ | 0 otherwise

LR __[1 if B/« is a vertical strip of lengtlk,
(@ %, e=D5.(/ ~ |0 otherwise.
In order to prove Theorem 7.2, we substitute

e+p+n by — xf+r+n _ Ze+p+n d = wf+r+n (7 5)
; =X . , i = w] .

ai:xl ’ 1 i ’ 1 — %

in the Pfaffian identity (1.4). By the bi-determinant definition of Schur functions, we have

dety P4 (x; x) = {(s)m@,kp)(xm(x) th=r

whereA(x) = [[1¢, - <, (x; — x:). Hence, under the substitution (7.5), the identity (1.4)
gives us the following Pfaffian identity.

Proposition 7.4. We have

) Pf((xj — xS0+ 1 e4n—1) (Xis Xj2 2SO (541, f4n—1) (Xis X ) w))lgi,]’gzn
= 50(q,e+n) (Z)nilSD(s,f+n)(w)nilslj(n—}-q,e) (%, 2)S0(n4s, £) (X, W). (7.6)
Remark 7.5. If we substitute

a; = xetrtn b; = y.e+p+n A<i<n)

i ’ 1
in the determinant identity (1.3), then we have

1
A(x)A(y)
= (=" "V 20 @ SO 0 (X, Y. 2). (7.7)

detsig+Le+n—1 (i V72 D)1y i
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The special casej(= e + n — 1) of this identity is given in [10, Proposition 8.4.3], and the
proof there works in the general case.

If we takeq = s =0 in (7.6), we have

1
A0 PH((xj — xi)hesn—1(xi, Xj, 2 fyn—1(xi, X}, w))lgi,jQZn
=S|:|(n,e)(xv Z)SD(n,f)(xs w). (7.8)

We use the minor-summation formula [5] to expand the left hand side in the Schur function
baseds; (x)}.

Lemma 7.6. Letby; be the coefficient of* y/ in
= hern-1(x,y, 2D fp-1(x,y, w).

Then we havéy; = —by, andby;, k <[, is given by

b=y hi()h;w),

i,J
where the sum is taken over all pairs of integérsj) satisfying

i+j=+n—-D+(f+n-D+1-k-1I,
0<i<(e+n—-1)—k 0<j<(f+n—-1) —k.

Note thatby; =0 unless <k, [ < e+ f+2n — 1.

Proof. By using the relation

he(e,y,2)= Y x*Yhe 0 p(),

a,b>0
we see that
bu = ( > - > )h(e+n—1)—a—b(Z)h(f+n—1)—c—d(w)~
0<a,b<Le+n—1 0<La,b<Le+n—1

0L, d< f+n—-1 0L, d< f+n—1
a+c=k, b+d=I1-1  a+c=k-1, b+d=I

Letby (i, j) be the coefficient ok; (z)7 j (w) in by, Then, by considering the homogeneous
degree, we see thaf;(i, j) =0unless + j=(¢+n—-1D+(f+n—-DD+1—k—1,
O<i<et+n—-landO<,j< f+n—1.

Now we assume
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itj=(+n-LD+(f+n-D+1-k-1I,
O<i<e+n-—-1, 0<j<f+n—-1

If we put

a+c=k,
b+d=1-1,
at+b=(e+n-1—1i, |’
ctd=(f+n—1)—j
a+c=k-1,
b +d =I,
ad+b=+n-1—-1i |’
d+d =(f+n-1—j

e N*

~

~

Sp= e N*

~

QULO T Qo &

whereN denotes the set of nonnegative integers, then we have
b (i, j) = #S51 — #S2.

The solutions to the equations $h and S, are given by

a t+e+n—-1)—i—-I1+1

bl —t+1-1

c —t+k+l-1—(+n—-D+i |’
d t

a t+e+n—-1)—i—1I

by —t+1

c —t+k+l—-1—(e+n—1)+i
d’ t

Hence we see that

#S1=#{t € Z: t > ap, t < bo, t <co, t =do},
#So =#{t € Z: t > ap, t <by, t <cp, t > dp),
where

ag [—14+i—(e+n-1)

by | [—1

col |k+l-1—(+n-D+i )’

dp 0

ag I[+i—(e+n—1)

vy !

ol |k+l-1—(e+n—-1+i

dj 0

P.33 (1-37)
by:? p. 33

33
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We compute #1 and #, in the following four cases:

@i<(e+n—1) —kandj<(f+n—-1) —«k.
b)yi<(e+n—-1)—kandj>(f+n—-1) —k.
C©i>(e+n—-1)—kandj<(f+n—121) —k.
di>+n—1) —kandj>(f+n—1) —k.

Here we note that
Jj<(f+n—-1—k ifandonlyif [+i—(e+n—-1)—1>0,
and that
ag—do=Il+i—(e+n—-1)—1, bo—co=(e+n—-1)—i—k,
ag—dy=1+i—(e+n—-1)=ap—do+1,
by—co=(e+n—1)—i—k+1=bg—co+1

Hence we see that, if< (e + n — 1) — k, thenbg > co andby, > c;, and that, ifi </ —k,
thenao > do andag > dj).
In Case (a), we have > do, bo > co, aj > dj andb > ¢p, SO
#S1=#{teZ t>ag, t <col=co—ap+1=k+1,
#Sr=#reZ: t >aj, t <cgl=cy—ap+1=k.
Hence we havéy, (p, g) = 1. (This argument holds if = 0.) In Case (b), we havg) > co,
by > cg, ao < do andag, < d;, SO
#S1=#rteZ.t>do, t<col=co—do+1=k+I14+i—(e+n—-1),
HSor=#reZ t>dy t <cgl=co—dy+1=k+1+i—(e+n—1).
Hence we havéy,; (i, j) = 0. Similarly, in Case (c), we havg; (i, j) = 0. In Case (d), we
havei + j > (e+n—1) + (f +n—1) —k — [+ 1, which contradicts to the assumption

i+j=(+n—-D+((f+n—-1)—k—-1+1.
This completes the proof.O

Here we recall the minor summation formula [5].

Lemma7.7. Let X be a2n x N matrix andA be anN x N skew-symmetric matrix. Then
we have

Y " PfAj(A)deta;(X) = P(XA'X),
1

wherel runs over all2n-element subsets iV ].
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By applying this minor-summation formula, we obtain

Proposition 7.8. Let B = (b;;);, j>0 be the skew-symmetric matrix, whose enttigsare
given in Lemm&.6. Then, for a partition. of length< 2», we have

I(A
D LR, St @Syt (@) = PfAIEA;(B). (7.9)
wcCO(n,e)
vCO(n, f)

Proof. Apply Lemma 7.7 to the matriX = (xl{()lgigz,,)k>o and the skew-symmetric ma-
trix B. Since detd; ) (X)/A(x) = s,.(x), the left hand side of (7.6) becomes

1
e PH((xj — xi)hesn—1(xi, Xj, 2)h fyn—1(xi, X}, w))lgi,jgzn = Z PfAf&;(B)Sx(x),
Py

wherea runs over all partitions of lengtk 2n. Here we note that mﬁi;(m =0 unless
AcO@n, e+ f).

On the other hand, the right hand side of (7.6) is expanded in the Schur function basis
{s:(x)} as follows. It follows from (7.1) that

D@2 = Y $u(X)S,100) (),
ncC(n,e)

SO @ w)= Y 5, @)s,10 5 w).
vcO@m, f)

Hence we see that the right hand side of (7.8) becomes

SO(n,e) (x, Z)SD(n,f) (x,w)= Z Su(x)sv(x)s,[r(n,e)(Z)SUT(n,f)(w)

ncl(n,e)
vcO(n, f)

Z( > LRivsitae (Z)Smn.f)("’))“(x)'

A upcOn,e)
vcO(n, f)

Comparing the coefficient of; (x) on both sides of (7.8) completes the proof of
(79). O

Now we can finish the proof of Theorem 7.2.

Proof of Theorem 7.2. In the above argument, we take> n andr = 0. In this case, the
variablesw disappear and we see that

hetn—1+(Fn—1+1-k—1(2) ifO<k<mine+n—-1,f+n-1 and
by = 12 f+n-1,
0 otherwise
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and the equation (7.9) becomes

A 1))
Y LR i Sutine @) = PRAGI(B).
ncO(n,e)

The skew-symmetric matri8 has the form

o C O
B= <_fc (0] 0) ) C= (he—Hl—l—i—j(Z))Ogi<f+nfl,0<j<e+n71'
O 0 O

From the relation (3.5), we see that the sub—Pfaffiaﬂﬁﬁ(B) vanishes unless

Appr+n—=1<min(e+n—1 f+n-1), An+n>=f+n,

Ant1 < Min(e, f), Mo = f.
If these conditions are satisfied, then we have
() -1)/2
PfAI(A)(B) = (_1)n(n ! det(hﬂ;—an+1—j—i+(n+1—j)(Z))lsi,jén

= (1" D2 D 2 del(hp —ay-i4 @)1y <

sg/a(2).

Hence we have

A
Z LR} i, ) St ey (@) = 5B/ (2).
uwcO(n,e)

Comparing the coefficients of+(, ., (z) completes the proof. O
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