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Schur Function Identities and Hook Length Posets

Masao Ishikawa and Hiroyuki Tagawa

ABSTRACT. In this paper we find new classes of posets which generalize the d-complete posets. In fact
the d-complete posets are classified into 15 irreducible classes in the paper “Dynkin diagram classification
of A-minuscule Bruhat lattices and of d-complete posets” (J. Algebraic Combin. 9 (1999), 61 — 94) by
R. A. Proctor. Here we present six new classes of posets of hook-length property which generalize the
15 irreducible classes. Our method to prove the hook-length property is based on R. P. Stanley’s (P,w)-
partitions and Schur function identities.

RESUME. Dans cet article nous trouvons des nouvelles classes de posets qui généralisent les posets d-
complets. En fait, les posets d-completes sont classés en 15 classes irréducibles dans l'article “Dynkin
diagram classification of A-minuscule Bruhat lattices and of d-complete posets” (J. Algebraic Combin. 9
(1999), 61 — 94) par R. A. Proctor. Dans cet article nous présentons six nouvelles classes de posets ayant la
propriété de longueur de crochet, qui généralisent les 15 classes irréductibles. Notre méthode pour prover la
propriété de longueur de crochet est basée sur les (P, w)-partitions de R. P. Stanley et identités de fonctions
de Schur.

1. Introduction

In [18] R. A. Proctor defined d-complete posets, which include shapes, shifted shapes and trees, by
certain local structural conditions and showed that arbitrary connected d-complete poset is decomposed into
a slant sum of irreducible ones. He also classified 15 exhaustive classes of irreducible d-complete components
and described all of the members of each class. In this paper we define six types of posets as subposets
of the posets of lattice points in the plane, and these six types generalize the 15 types of irreducible d-
complete posets. First we enumerate eight product formulas involving the Schur functions in Section 2,
which will be applied to obtain the hook formulas of the new posets, which we call “leaf posets”. Then,
in Section 3, we define certain subposets of the lattice points, which we call “pre-leaf posets”. In fact, a
pre-leaf posets is defined by gluing components of lattice points along the main diagonal. Although we can
give the one-variable generating function of (P, w)-partitions for any pre-leaf poset by the theory of Stanley’s
(P,w)-partitions, the generating function is not always a product. Thus we specify six special cases, which
we call “leaf-posets”, and in these cases we can show the generating function becomes a product by the
Schur function identities. We present these six types of leaf-posets and the hook formulas. Our definition is
not based on local structural conditions, and our proof of the product formulas are based on determinant or
Pfaffian expressions of the generating functions, but we don’t have enough space to state the proofs.

Throughout this paper, let Z, N and Z~ denote the set of integers, non-negative integers and positive
integers, respectively. For a set S, we denote the cardinality of S by |S|. From now on, P is a partially
ordered set (poset) and is assumed to be finite. Let P be a finite poset. If 2,y € P, then we say y covers x

if x < y and no z € P satisfies ¢ < z < y. When y covers x, we denote y > x. A tree T is a finite connected
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poset with a maximum element such that every element except the maximum element is covered by exactly
one element.

Let w be a labeling of P, i.e. w is a bijection from P to {1,2,...,|P|}. If z <y is an edge in the diagram
of P and w(x) > w(y), we say x < y is a strict edge. Otherwise, we say x < y is a weak edge. In [22],
R. P. Stanley defined the (P,w)-partitions and obtained the several results on their generating functions.

DEFINITION 1.1. A (P,w)-partition is a map ¢ from P to N satisfying the following conditions:
(i) o(x) > p(y) if x <y in P, i.e. @ is order reversing.
(i) ¢(x) > p(y) if z <y and w(z) > w(y).
When a labeling w is natural, a (P, w)-partition is simply called a P-partition. We can easily see that ¢ is a

P-partition if and only if ¢ is an order-reversing map from P to N. We denote the set of all (P, w)-partitions
by 7 (P,w), and the set of all P-partitions by <7 (P).

As one can easily see, @7 (P,w) depends only on which edges are strict and which edges are weak. Let
& ={(z,y): x,y € P,x <y} denote the set of edges in P. We call a map e: & — {0,1} an orientation, and
we regard the edges assigned 1 are the strict edges and the edges assigned 0 are the weak edges. We refer to
(P, ¢) an oriented poset. A labeling w gives rise to an orientation, but not all orientation can come from a
labeling (see [13]).

If P is a finite poset and w is a labeling of P, then
(1.1) F(Pw;q): = Z qM
ped (Pw)
is said to be the one-variable generating function of (P,w)-partitions. Here [p| = > _p ¢(x) is the weight
of the (P,w)-partition ¢, which is the sum of its entries.

We say that P has hook-length property if there exists a map hp from P to Zs( satisfying

(12) Z qltp\ = H ﬁ.

ped (P) zeP

If P has hook-length property, then hp(z) is called the hook length of & and hp is called the hook-length
function of P. A hook-length poset is a poset which has hook-length property.

2. Schur function identities

In this section we state eight Cauchy type identities of the Schur functions, which will be applied in the
following sections. Our proof of these product formulas is based on the determinant or Pfaffian evaluations.
We omit the proof and just present the identities, but the proof will be stated in [6].

The Schur function sy(x1,...,x,) of variables x1, ..., z, with respect to a partition A = (A,...,\,) is
defined to be

Aj+n—j

det(z) g

(21) S,\($1,...,.’L'n) _ e (.’171 — )ISZ,JSn.
det (2™ )1<ij<n

For detailed explanation of symmetric functions, the reader can find in [12]. For a positive integer m, we
write X,, = (21,22, Zm), Ym = (Y1,%2,--.,Ym) and Z,, = (21, 22,...,2m) in short, where m is the
number of variables. Let &2 denote the set of all partitions. One of the most well-known identities is the
Cauchy identity which reads

1
(2.2) A;@ Sx(Xom)sa(Yy) = TG

If A = (A1, Aa,...) is a partition and a and b are positive integers such that a < b, then we write Ala,d], in
short, for the partition (Ag, Ag+1,---, ). If Xy = (21,22,...,2m) is an m-tuple of variables, then we use
the notation || X,,| := [[;~, @; for brevity. The aim of this section is to prove the following variants of the
Cauchy identity.
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THEOREM 2.1. Let m be a positive integer.
(i) If m > 1, then we have

(1 — w|[ X [V |[) TI =1 (1 — 2iy5)

(2.3) >t sa(Xm)sa(Ym) =
A=(A1,Aa,.., A ) EP

(ii) If m > 2, and v = 1 or 2, then we have

Z ZNTAm A dm ) (X ) satm—1) (Yin—1)S(m—1,m) (Z2)
A=(A1,A2,..,Am ) €L

-1 m—
ret (1= 20 2yl | X [ Vo1 1| Z2])
m— m m—1 m m—3,_,— ’
(1 = w2 X Yo 1 Z2 ) TEZ T (1= @ayzo) TS, (1 — 28 P | X [ Yo 11 Z2]1)

(2.4) =

(iii) If v = 1 or 2, then we have

Z 2 2w s34 5 (X3) 803,41 (Z2) 57 (4,6 (X3) 52 (1,5 (V) 57 [5,6] (Z2)

1
(1 — w22 | Xs |21 Y511 Z2 1) [Ty T -1 (1 - iy 20)
5
" [T=y (1 — 25w | X215 Z2 1)
3 _ _ _ .
[Tt (1 = 2oy I X215 Z2012) Tl <o <5 (1 — 2owi oy I X 151 2211

(2.5)

(iv) If v =1 or 2, then we have

r r—1
Z 23w s\ (Xor) H saj2i—1,2i](Y2) H Sx[2i,2i+1](Z2)

A=(A1,A2,..., A2, ) EP i=1 i=1
2 _
[T (1 — 2oz Xon [l Y21 Z2] 1)
; — 2 2 :
(1 — wzo || Xor Y27 [ Z2 )1 TIL: TTj20 (1 — miys20) T cic jeor (1 — izl Y2l Z2])

26) =

(v) If v =1 or 2, then we have

T T

Z 20w 8y (Xorg1) H Saf2i—1,2i](Y2) H Sa[2i,2i4+1](Z2)
>\:(>\1,)\2,...,>\27~+1)6.@ =1 1=1
2 . .
[Timt (1 — zowil Xorpa [HIY2]["]| Z2]|")
2r+1 112 :
(1 — w2y | Xora ||[[Y2]7[| Z2]|7) ;1 Hj:1(1 — Ti%j%y) H1§i<]‘g2r+1(1 — zizj || Yall[| Z2]])

27 =

(vi) If r > 2, v € {s,t} C {1,2,3} and s # t, then we have

r r—2
AL, Aar
T w s x1,2r—1) (Yar—1)8a2r 2,2 (X3) HS)\[21’—1,21'](ZQ) H Sa[2i,2i4+1) (Ts, Tt)
A= Aar o Aar )P i=1 i1

1
_ 2r—1 2
(1 —w(wsze) 2o | Xl Yor—a [ Z2[|") T2y TLizi (1 — 20yizi) [li<ic j<or1 (1 — @smewiy;l| Z2))
2r—1 r— r
(2.8) ey (1= (o) 22y yn || Xs || Yar 1 [|]| Z2]|")
: 2 _ _ 2r—1 _ — 1y
[Teer (1 = (meze) 22| Xs ||| Yar— 1 || Z2 )71 Ty (1 = (mse)™ 3oy, [ Xs [ Yar—a || Z2)71)
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(vii) If r > 1, v € {1,2} and 1 < s # ¢t < 3, then we have

r r—1
A, Aar
E 2, w851 90 (Yor ) Saj2r—1,2r41) (X3) HSA[2i,2i+1](Z2) H S[2i—1,2i] (Ts, )
)\=(>\1,)\2,...,)\2r+1)69 =1 =1

1
= _ r 2r
(1 = w(@swe) 20| Xs || Yar ||| Z2|| )Hi:s,t Hj:l(l — TY;jz0) H1§i<j§2r(1 — zs2Yiy; || Z2|l)
2r r— r
(1= (wsme)" 'y | X5 || Yar |l Z2]7)

(2.9) X T o 2T n’
[Tims o (1 = (o) =2ail | Xa [ Yar 1 Z217) TTRZ0 (1 = (@)™ 2y 2o 1 Xa [ Var 1| Z2]71)

(viii) If v = 1, 2,3 or 4, then we have

> Yol w a3 (Xa)sags,4)(Z2)$a,6 (X3)sa11,21 (Z2) 57125 (Ya) $xj5.,6) (Z2)
)\:()\17)\27~~,)\6)E(@
1

2 —
(1 = wyo | Xs[?1Yall| Zal1) [Tr<ess TTima (1= w21 X1 Yallll 221)
" Tli<rca =y | Xl [1Yalll] Z2] )
3 3 2 3 - .
[Tema (0 = 2| XalVall1 Z20%) T TTima (U= @igoz) Thsisa TT520 (1 = 25 w1 X111 221)

(2.10)

3. Pre-leaf posets

In this section we introduce a new class of posets, which we call pre-leaf posets, and give a formula
of the generating function of the (P,w)-partitions for any pre-leaf poset and its column-strict labeling.
Unfortunately the generating functions does not factor out in general, but in the next section we present six
classes of pre-leaf posets which has the hook-length property.

3.1. Pre-leaf posets. Let Z? denote the set of lattice points in the plane, and let D = {(,i) : i € Z}
denote the main diagonal of Z2. We call x € D a diagonal point. We can make Z? into a poset by defining
(i1,51) < (i2,72) in Z% if iy > iy and j; > jo. It is easy to see that (i1,j1) < (i2,j2) in Z? if, and only
if (i1 —i2,j1 — j2) = (1,0) or (0,1). When we draw a diagram, we use the matrix coordinates in which
the first coordinate 7 (the row index) increases as one goes downwards, and the second coordinate j (the
column index) increases as one goes from left to right. Thus we call (1,0) a vertical edge, and (0,1) a
horizontal edge. If P is any subset of Z2, we regard P as a poset by the induced order of Z2, ie. z <y
in P if, and only if <y in Z%. Let a = (a1, q,...,q,) be a strictly decreasing sequence of nonnegative

integers of length r, and let d be an integer. Let P(T)(a, d) denote the set of points (i,5) € Z? such that
d<i<d+r—1landi<j< o 411+i. Notethat the ith row of P(")(a,d) contains c; + 1 vertices starting
from (i,) for d < i < d+r — 1. We introduce an order structure into P(") (e, d) as an induced subposet
of Z?, which we call a right half-leaf poset of type (c,d). For example, if a = (3,2,0) and d = 2, then the
diagram of P(")((3,2,0),2) is as in Figure 1. Similarly we define P(!)(e,d) by the transpose of P") (e, d),
ie. PO(a,d) = {(j,i) € Z*: (i,) € P (a,d)}, which we call a left half-leaf poset of type (o, d). We call a
poset half-leaf if it is a right or left half-leaf poset. For example, P®)((3,2,0),2) is designated by the diagram
in Figure 1. Especially, when the length of « is one, i.e. a = (a), then P¥((a),d) is an (a + 1)-element
chain composed of vertical edges. We write P()(a,d) for P ((a),d) in brevity.
For a nonnegative integer f, let Ly denote the subset of Z? defined by

Ly:={,i): —f+1<i<1,ieZ}

which is (f 4 1)-element chain composed of horizontal edges. For example, if f = 3, then the diagram of Ls
is as follows.

(1,-2) (1,-1) (1,0 (1,1)
L;= @ ® L4 ®

Assume P and Q are any induced subposets of Z2. We build a new poset, denoted by P U @, from half-leaf
posets by gluing them together along the main diagonal.
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(2,2) (2,3) (2,4) (2,5)

P(((3,2,0),2) = @ PO(3,2,0,2) = ¢
(3,3) 1(3,4) [(3,5) (3,2) (3,3)
o(4,4) (4,2) |(4,3) (4,4)
, (5,2) 1(5,3)

FiGURE 1. Half-leaf posets

DEFINITION 3.1. Let P and @ be induced subposets of Z2. Let PW (@ denote the disjoint union of P and
Q as aset,i.e. PUQ={(z,1):2 € PU{(2,2): x € Q}. We identify the points in the main diagonal of
PwQ,ie. ((i,i),1) = ((4,7),2) for i € Z, and denote the resulting poset by P U @, which we call diagonally
glued poset of P and ). Thus the order relation x < y in P LI Q is the transitive closure of the following
binary relation z < y: We say z < y in P U @Q if one of the following conditions holds;
(i) x,y are both in P, and x < y in P,
(ii) x,y are both in @, and z < y in Q.

For example, if we glue four posets P(")((3,2,0),1), P1((3,2),1), PO((3,1),2) and Ly along the main
diagonal, then we obtain the following poset in Figure 2. Here we write (i,4) for the identified diagonal

((1,-1),4) ((1,0),4) (1,1) ((1,2),1) ((1,3),1) ((1,4),1)
® ® & 4 &

2,1),2) [(2,2 2,3),1 2,4),1
‘(())()‘(())(())

((3,1),2)] ((3,2),2) 1((3,2),3) [(3,3)
*——0

((4,1),2) ((4,2),3) 1((4,3),3)
o ——0©
((4,2),2)

((5,2),3)
®

FIGURE 2. A pre-leaf poset
point ((i,4), k), k = 1,2, 3,4.
As in this example, we define a new poset as a diagonally glued poset of several P(") (e, d)’s and
PO (e, d)’s. Thus, hereafter, we use the following notation.

DEFINITION 3.2. Let & = (o), ..., a®) be a k-tuple of strictly decreasing sequences of nonnegative
integers, and let 5 (B 1) ﬁ(l ) be an l tuple of strictly decreasing sequences of nonnegative integers. Let
r; (resp. s;) denote the length of a® (resp. BYV))fori=1,...,k(vesp. j=1,...,0). Putd; = Zu:l ry,—i+1
(resp. ej = Zju=1 sy, —j+1)fori=0,...,k (resp. j = 0 .., 1). Assume dk. = ¢; which we denote by n.

Put ;
— |_|p(7’) a( di_1) B _ |_| 5(3) 1),

then R(a) and L(B) both have n elements in the main diagonal. Let f be a nonnegative integer, and let
c = (c1,c2,...,¢,) be a sequence of nonnegative integers of length n. Hereafter we are mainly concerned
with the poset defined by

Py(&; Bsc) = Ly UR(@) U L(B) U || P9 (cx, k),



which we call the pre-leaf poset of type (f, &, B, c). We also write
Pf(a(1)7 L 7a(k);/3(1)7 s 7ﬁ(l);clv . 'acn)
for Pf(o_'z;ﬁ; c).
For example, the poset in Figure 2 is denoted by P ((3,2,0);(3,2),(3,1);0,0,0).

3.2. Generating functions. In this section we define a labeling, which we call the column-strict
labeling, denoted by w., for any pre-leaf poset Py(a; ,5'; c¢). The goal of this section is to obtain the generating
function of (P,w.)-partitions for a pre-leaf poset Py(ai; B;c) (see Proposition 3.3).

We use the standard notation [4]: The g-shifted factorial is, by definition,

@a) 1 if n =0,
a3 q)n = .
1 (1—ag" VYa;q)n_1 ifn=1,2,....

If a = (ai,...,q) is a strictly decreasing sequence of nonnegative integers, we write (¢; q)q for the product
[Ti—1(¢;@)a,. Throughout this section we assume that a? (resp. ﬁ(])) is a strictly decreasing sequence
of nonnegative integers of length r; (resp. s;) for i = 1,...,k (resp. j = 1,...,1). We also put d; =
S ru—i+1(resp. ;=37 s, —j+1)fori=0,...,k (resp. j =0,...,]) and assume dy = e; = n as
in Definition 3.2. Let f,c1,co,...,c, be any nonnegative integers, and, hereafter, we use the notation & =
(a®, .. a®) g=BY,...,8U) and ¢ = (c1,...,cn). We also use the notation (¢;¢)g = Hle(q;q)am
1
and (g; Q)ﬁ = Hj:1(q;(I)5(j)-

Let P := Ps(ey; ,5'; c¢) denote the pre-leaf poset of type (f, &, B, ¢). We define the column-strict orientation
€. : P — {0,1} by assigning 1 to the vertical edges and 0 to the horizontal edges. One can easily see that a
column-strict orientation always come from a labeling in which we linearly order the vertices of P by saying
that (i1,71) proceeds (ig, jo) if either 41 < ig or i1 = iy and j; > jo. If two different vertices from different
half-leaf posets have the same coordinate (i, j), then we can order them appropriately. We write this labeling
w. and call it a column-strict labeling. For example, if P = P;((5,3,1),(2,0);(3,1),(3,2,0);0,1,1,2), then
Figure 3 gives a column-strict labeling. We obtain the following proposition which gives a general formula

7 6 5 4 3 2 1
° * °
® ®

12 [ 10 9 8
[
17 14
20019/ |18 16 15 13
[ [ ——o
22
25 24 J23 |21
([ ]
26
29
We = 28 o7

FI1GURE 3. A column-strict labeling

to compute F(P,w;q).

PROPOSITION 3.3. Let P := Ps(ey; ,5'; c¢) denote the pre-leaf poset of type (f, &, ﬁ, ¢), where &, B, c and
f are as before. Let a() = (agi)) ' . (resp. ,B(j) = (ﬁt(j))] 1) fori=1,...,k (resp. j =1,...,1). Then
t= t=

we have

1 S 5£'j)+1 n cet+1
F(P o q) _ q~i=1 >y ( 2 )+Zt:1 ( 2 )(Q; Q)\Pl—f—l v Z qZZ”:2(ci+1)p(i)
' (¢ D)1p|(4 Da(49)5(4 e O<p()<r T )

k l
(u) - (v) -
% H det (g™ p(du—1+] U)lsmyu H det(qﬁi p(ev—1+7 1))19%5”’

u=1 v=1

Here we use the convention that p(1) = 0.



4. Leaf posets

4.1. Basic leaf posets. In the former subsection, we define a pre-leaf poset. But, unfortunately, a
pre-leaf poset may not have hook-length property in general. In this section we define special cases of
pre-leaf posets whose generating functions have product formulas. We call these classes basic leaf posets,
and denote them by &f(a, B3,9), Bs(a, B,7,0,v), Tf(a, B,7,0,v), Wr(a, B,7,0,v), F¢(a,B,7,6,s,t,v),
¢r(a, B,7,0,v). Throughout this section, for a non-negative integer n, (n), denotes 1 — ¢".

DEFINITION 4.1. (i) Let m > 2 be an integer, and let o = (1, aa, ..., ) and B = (81, B2, ..., Bm) be
strictly decreasing sequences of nonnegative integers of length m. Let § and f be nonnegative integers which
satisfy f > ¢ > 0. Then, we let &¢(a,3,0) := Pf (c; 3;0,9,0,...,06), and we call it a ginkgo. The diagram
of &(a, 3,9) looks as follows.

f g
o —=0 - & ° ! :‘
Q2
I f ese !
Ccs a3
— r 1
c Qm

&, B,6) = N.fﬁ

Baf i Bof i B3 Eﬁm{i

In this diagram cs denotes the chain of length §. Then the generating function of (& (e, 3, J), w.)-partitions
is equal to

=i () =D E)D (g: 0) 814 (m1)041)

(0:0)a(@30)8(@0)5 (4 @) |0l +181+(m—1)6+f+m
% (|a| + ‘16| + m(5 + 1))(1 H1§i<jfm(qaj - qai)(qﬁj - qﬁl)
[T (i + B+ +1), ’

i,5=1

F(&f(a,B,0),we;q) =

(4.1)

where |a| =37, o; and |B] = 31" 5;.

(ii) Let m > 3 be an integer, and let @ = (a1,a2,...,am), B8 = (81,02, Bm-1), ¥ = (71,72) be
strictly decreasing sequences of nonnegative integers. Let § and f be nonnegative integers which satisfy
f>pB1+6>0. Forv=1,2, welet Bs(e,3,7,0,v) := Pr(a;v,3;0,8,7 +0,...,7% + ), and we call it a
bamboo. Its diagram is as follows.

f (63}
o—=o - o—¢ L o
Qs
f ese !
Ccs @3
P — I 1
— Yl ival
%f(au@»’y’& U) = vt T ?i% 1
ﬁc‘{v‘HsE Qm, :
e @
TCYU‘HS
Bi| i B i B3 iBm—1i
t.
)




Then the generating function of (B (e, 3,7, d,v),w.)-partitions is equal to

F(Bs(a,B,7,0,v),wc: q)

gt (A )+ T (L) B R 4 (7) (541)

(¢ 9)a(q: D)8(@ O (607 5(a s
(¢ D) | +181+ |+ (m =270 + (m=1) (641 (@7 = ¢™) Th<icjem (0% = ™) Thi<icjem-1 (@ — 4)

X —
(% @)l +181 171+ (m—2)7u+f+(m—1)s+m [ =1 Hj:f (0 + B +v+d+1)
(4.2) % 175 (la] + 18] + 8i + || + (m = 2)7, + m(8 + 1)),
T2, (o) — o + B+ |7+ (m = 3)ys + (m —1)(6 + 1))’

where o = 37" aq, [Bl = X7 Bi, and |y = 27, i

(iil) Let & = (a1,0,3), B = (51,02, 03,04,05) and v = (71,72) be strictly decreasing sequences of
nonnegative integers. Let § and f be nonnegative integers which satisfy f > 61+ > 0. For v = 1,2, we let
Jr(e, B,7,98,v) = Prla, v, 0,7, 8;0,6,0,6,7, + 6,7, + 9) and call it an ivy. Its diagram looks as follows.

f a1
= =
*—= - & ° ! =‘
[P
I ceo !
%3
cs b -0 @
[ @ ---
‘_ . ’72%
V1| Y28 Cs [}
w I °
— €5 [ a? 1
]
jf(a,ﬁ7’}/,5,’l)) = Lot
Cyuts
Bi|i Bo i B3|t P4 Bt

Then the generating function of (J¢ (e, 3,7, 6,v),w.)-partitions is equal to

F(Jf(a, 3,7,6,0),we; q)

(P (“2“)+2(“*2““)+3(“§1)+B\a\+\ﬁ|+2|w|+9%+15<6+1>(

g it 05 9) 2] +18] 421y |+270 +5(5+1)

(924 9)p(4 D2 (5592, 154 0)3(G Dafal+18]+207|+ 290 + F+56+6
y (¢ — Q’YI)Q H1§i<j§3(qaj - qai)Q H1§i<jg5(qﬁj - qﬁi)
3 5 3
[Tici I (i + B + 70 + 0+ 1)g [Ty (2fe] = a5 + 8] + 27| + 70 +5(5 + 1))q

[T, 2lex] + 18] + B + 2]7] + 270 + 6(6 + 1)),
H1§i<j§5 (lef + 18l = Bi = Bj + |¥| + 7 +3(0+ 1))

(4.3)

(iv) Let m > 4 be a positive integer, and let a = (a1, 2,...,am), B8 = (01,02) and v = (y1,72) be
strictly decreasing sequences of nonnegative integers. Let § and f be nonnegative integers which satisfy
f>v+9d>0. Assume v =1 or 2. If m is even, then we let

mf(aa/@7’y757v) = Pf(a;/a7’77ﬁ7’77'"u77/3;0767"'a57’yv +6)7
where m = 2r and we have r @’s and (r — 1) «’s alternatively in the second index. If m is odd, then we let

QUf(a,ﬁ,’y,é,v) = Pj'(a;/g77767'77"'35,7;();57"';5»6@+5)7
8



where m = 2r + 1 and we have r 3’s and r «’s alternatively in the second index. We call 20 (e, 3,7, 6,v) a
wisteria, and its diagram is as follows.

If m = 2r (r > 2), then the generating function of (2 (e, 3,7, 0, v),w.)-partitions is equal to

F(Ws(a,B,7,0,v),we; q)
q S (P e-n) TR, () () +@2r—2) (P51 +r(r—1) Bl (r—1) 2y [+ (2r—1)yu+r(2r—1) (54+1)

B (@ 0)ale:0)5(a 05 (@ Drrs(a:0)5

. @ Diatripi -t @ =)@ = ) Thcig<on (@™ — a™)
2r 2
(@ @418+ (r—1) 4o+ 1+ @r—1ys+2r L[z [Tj1 (0 4+ B + 70 + 6+ 1)q
Iy (ol + 7181 + (= Dyl + 3 + 70 + 205 + 1)),
[li<icj<or (i +a; + (B + [v]+26 +2),

(4.4)

)

and, if m = 2r 4+ 1 (r > 2), then we have

F(Wy(a, B,7,0,v),we; q)
7 32 (B )+ 2, () () R @r 1) (P51 4 (r—1) Bl 2 [y 420 By (20 +1) (5+1)

a (¢ 9)a(4: D54 9)5 (¢ D), s(5: )5

@G Diatripirsriirareen (@ =) (@2 — ) Thcicicora (@™ — 4™)
(@ Dt 4181+ 8ot rin+f2rss2041 TTmt Tl (@i + B+ + 6+ 1),
2
o Lz (ol + 1Bl + vl + By + 7% + 2r + 1) (6 + 1)),
H1§i<j§2r+1 (i +aj + B + |y +20 +2)4

(4.5)

(v) Let m > 4 be a positive integer, let a = (a1,a2,0a3), 8 = (B1,02,.--,Pm—-1) and v = (71,72) be
strictly decreasing sequences of nonnegative integers. Let d and f be nonnegative integers which satisfy
f > P14+ 0 > 0. Fix positive integers s, t which satisfy 1 < s <t < 3, and let v € {s,t} if m is even, and let
v € {1,2} if m is odd. Write @ := (as, o). If m is even, then we let

P:Sf(a76’776757t’v) :Pf(@,’}’,d,’“/,d,...,&,’7;7,,6;0,57...,5701}+(5)

where m = 2r (r > 2) and we have one « followed by (r — 1) 4’s and (r — 2) a’s alternatively in the first
index. If m is odd, then we let

P:gf(a7ﬂ7’715757t7v) :Pf(aﬂ77au77aa”'7’7764;’77&;076"”7677’11+§)

where m = 2r +1 (r > 2) and we have one « followed by (r — 1) 4’s and (r — 1) a’s alternatively in the first
index. We call P a fir, and its diagram is as follows.
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f a1
—e - o—o ! °
as
I ese !
%31
s REE
[¢ @ -
.. . 72%
Y1) V2 s e @ Qrg
v @ ---
Qi
s %
Sf(avﬁa’)/vévsvtav) = o 05 -
Cix
Bi|i Bof i Ba| i Bl E}ﬁvﬂl
. ®

If m =2r (r > 2), then we have Le

F(gf(avﬂ7'7a 57 S,t7’l)),wc; q)

q(””ﬁ“)+z?;f (P 4322, (Vi) H2r—2) (5 +r(r—2) (@stan) +@r—Day Bl +Hr(r—1) |y | +r(2r—1)(5+1)

(4:9)a(q 0)8(0 )5 (¢ 06> (4 0)6 (¢ Doy r(a:0)5 2

(@ @) x|+ (r—2) (cvat ) +-ao + Bl 7|+ (2r—1)(541)

(a3 q)|a\+(7‘—2)(as+at)+04u+\ﬂ|+r\'y\+f+(2r—l)5+2r
« (¢ — )" (g™ —g*) >
T T (aw+ 85+ + 0+ 1) Ticicjcnr (s + au + Bi+ B + 7] + 26 + 2),
[Ticicj<s(@®™ —q*) H1§i<j§2r—1(qﬁj —q%)
T, (Jel + (r = 2)(as + ) + 18] + (r — Dyl +7i + (2r — 1)(6 +1))q
2 (o 4 (1 = 2)(a + ) + oy + 8]+ Bi + 7] + 2r(8 + 1)),

(4.6) X =t
T2 (lal+ (r=3)(as + o) + aw + Bl = B + (r = D |y[ +2(r = 1) (6 + 1)),

=1

and, if m = 2r +1 (r > 2), then we have

F(Sf(aa/ga‘%5357t7v)7wc;Q)

gt ()22, () + () +@r=1) (P + (P2 = 1) (st ad) + Bl (r =)y |+ 2rye +r(2r+1) (54+1)

X

)

r—1

(¢ Da(a:0)p(6; )5 (4 )6 (@3 0)ar ' (45 0)v,+6(a: )3
(9 @) o]+ (r=1) (@) +1BI+r|y] 4704 2r (641)

X
(a;9) la|+(r—1)(as+ar)+|B|+7r|v|+vo+ F+2rd+2r+1

(¢ —q") (g™ —q*)!
[Lizs: Hf;l (@i + B + 70+ 0+ 1) [Ty i jcor (as + e+ Bi 4 B + 17| + 20 + 2),
H1§i<j§3(qaj —q%) H1§i<jg2r(q6j —q¢%)
[Tis, (] + (r = 2)(as + ar) + i + [B] + vy +2r(0 + 1)),
12 (ol + (r = D(as + ) + 18]+ Bi + 7y + 9 + @r + (6 + 1)),
12 (ol + (r = 2)(as + ) + 8] = Bi+ (r = Dy + 9 + (2r = D)+ 1))

X

X

(4.7)

(vi) Let & = (a1, a2, 3), B = (051, P2, B3, 04) and v = (71, ¥2) be strictly decreasing sequences of nonnegative
integers. Let ¢ and f be nonnegative integers which satisfy f > 81+ > 0. For v = 1,2, 3,4, we let
Q:f(a7ﬁ77557v) = Pf(a77aa;77ﬁ77;07675a6765/81) +5)

which we call a chrysanthemum. Its diagram is as follows.
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Cs

cf(aa/B7’77§a IU) =" s T

b
12
o N
2

B i B2 i Bl B4l CByts

Then we have

F(€s(a, B,7,0,v),we; q)

gzim () (T2 (”;1)+4(6J51)+3|a|+|ﬁ\+5ﬁv+6l'y\+156+15(

Q§q)2|a|+|ﬁ\+ﬁv+3\”y|+56+5
(4:9)%(3:0)8(0 D)3 (a5 )5, +5(@5 0)5 (&5 ) 2] x| +18]+Bo +3]]+ f+55+6
(> —q)? [licicj<sla™ — q*)? H1§z‘<j§4(‘1’8j —q%)
[T T (05 + Bo i + 6+ 1) [Taziea [T (lo] = 0y + B + Br + || + 20 +2),
[licres Cled + 8]+ Br + Bu + 3|7| 4+ 65 +6)4

[Tj=1 (e + aj + 18] + 20| + 48 + 4) TTrguss Ty (lexl + 18] = Bi + [+ + 30 +3)g.

X

(4.8) X

4.2. General leaf posets. In this section we explain how to compose a general leaf poset from the
basic ones. An operation called “slant sum” which combines two posets to generate a new one is introduced
n [18]. Here we slightly modify the definition, and call it a “joint sum”.

DEFINITION 4.2. Let P; be a finite poset and let y be any element of P;. Let P, be a finite poset which
is non-adjacent to Pp, i.e. P, shares no element with P; and there is no order relation between elements of
Py and P,. Let x1,x2,---,x,, be all maximal elements of P,. Set () to be P; U P, as set, and make it a
partially ordered set by inserting additional covering relations 1 <y, - -+, T,, <y besides the order relations
among the elements of P; or P,. We use PiY\ P, (or more explicitly PiY\,, ... 5., P2) to denote this new
poset @, and call it the joint sum of P, with P; at y.

An order ideal of a poset P is a subset I of P such that if z € I and y < x, then y € I. The order ideal
() ={y € P:y <z} is the principal order ideal generated by x.

DEFINITION 4.3. Let P be a poset, and let (x,y) be a pair of elements in P such that y covers x. We
say (x,y) is an joint pair if (x) is a chain with the maximum element  and P is equal to (P — {x))¥\ (z),
i.e. removing (z) from P and then making the joint sum of P — (z) with (z) at y recovers P. An element
y € P is said to be a joint element if there exists € P which is covered by y and (z,y) is a joint pair.

Now we are in position to define the notion of general leaf posets as follows.

DEFINITION 4.4. First we inductively define k-level leaf posets for a positive integer k. A poset P is
said to be a 1-level leaf poset if it is a basic leaf poset, a tree, or obtained as a disjoint union of several basic
leaf posets and trees. Let LP; denote the set of 1-level leaf posets. For k > 2, let @ be a (k — 1)-level leaf
poset and (z,y) is a joint pair in Q). We construct a k-level leaf poset P by removing the chain (z) from @
and make the joint sum of @ with P; at y, where P; is a 1-level leaf poset which has the same number of
elements as (x), i.e. P = (Q — {(x))Y\ Py and |P;| = |(z)|. Let LPj denote the set of k-level leaf posets, and
put

LP := | J LP,.
E>1
We call an element of LP a leaf poset.
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Note that a poset can be k-level leaf poset for several k, i.e. there exist some 4, j such that LP;NLP; # 0.

PROPOSITION 4.5. Let P; be a finite poset and let y be any element of P;. Let P» be any n-element
poset which is non-adjacent to P;. Let (z) denote the n-element chain whose maximum element is z. We put
P =PY\,{z) and P’ = P;%\ P5. Let w be a labeling on P whose restriction on (z) is a natural labeling and
w(y) > w(z). Let o’ be a labeling on P’ such that the restriction of w’ on P coincides with the restriction
of w on P;. Let wy denote the restriction of w’ on P,. Then the generating function of (P’,w’)-partitions is
given by F(P',w';q) = (¢;¢)nF (P,w; Q) F(Ps,ws; q). Especially, if P and P> have hook length property and
hp(x) = |(z)| for any = € (z), then P’ has hook length property, where hp is the hook length function of P.

5. Concluding Remarks

Proposition 4.5 and Definition 4.1 immediately implies that the generating function of P-partitions is
given by a product formula, where P is any leaf poset. Thus we conclude that any leaf poset has hook-length
property. Our proof is based on Stanley’s (P,w)-partitions and determinant or Pfaffian computations, in
which some of the proofs have elegant Pfaffian expressions and some of them are direct computations by
brute forces. We think that one more interesting problem, which is still left, is to consider a bijective proof
of the hook formulas.
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