The Andrews-Stanley partition function and
Al-Salam-Chihara polynomials

Masao Ishikawa*and Jiang Zeng'

*Department of Mathematics, Tottori University, Koyama, Tottori, Japan.
TInstitut Camille Jordan, Université Claude Bernard (Lyon 1), F-69622, Villeurbanne Cedex,
France.



References

e M. Ishikawa and M. Wakayama, “Applications of Minor Summation
Formula 111, Plucker Relations, Lattice Paths and Pfaffian ldentities”,
arXiv:math.C0/0312358, J. Combin. Theory Ser. A. 113 (2006)
113-155.

e M. Ishikawa, “Minor summation formula and a proof of Stanley’s open
problem”, arXiv:math.C0/0408204, to appear in Ramanujan J.

e M. Ishikawa, H. Tagawa, S. Okada and J. Zeng, “Generalizations of
Cauchy’s determinant and Schur’s Pfaffian”,
arXiv:math.C0/0411280, Adv. in Appl. Math. 36 (2006) 251 -
287

e M. Ishikawa and Jiang Zeng, “The Andrews-Stanley partition function
and Al-Salam-Chihara polynomials”, arXiv:math.C0/0506128.



Basic hypergeometric series

We shall define an ,.¢ basic hypergeometric series by

oo

Alyeeeyyp (al,az,...,ar;q)n n) 14+s—
2 q z] = (—1)7g®]
b19°°°abs’ ’ Z (q7b19°°°9bs;q)n

n=0

with (1) = n(n2_1), where g % 0 when r» > s + 1.

We shall use the compact notations

(ala cee 9Oy Q)n = (a'laq)n te (a"na q)n

(A1 30m3q)oo = (G159) 00 *** (A @) oo

for the product of g-shifted factorials:

n—1 oo}

(a50)n = |] (1 — ag®), (a50)00 = || (1 — ag®).

k=0 k=0



The generating function of partitions

Theorem (Euler)

For |q| < 1,
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where the sum runs over all partitions A (where each part of A is < INV).

More generally,
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where the sum runs over all partitions A (where each part of X is < IV).



Andrews’ Theorem

Theorem (G.E.Andrews)

Let G(A) = 29N yOA)glAl where O(\) denote the number of odd
parts of .

o Z;\r:1 {]‘;j}q‘l (—2yg; q4)j(—Z’y_1q;q4)N_j(yq)2N—2j
z)\: w(A) = (g% q*) N (22q%;¢Y) N

where the sum runs over all partitions A where each part of A is < 2.V.
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where the sum runs over all partitions A where each part of A is
< 2N + 1. (G.E.Andrews, “On a partition function of Richard Stanley”,
Electron. J. Combin. 11(2) (2004) #1.)



The four parameter weight

Given a partition A\, define w(\) by
w()\) — azq:21 [Azi—1/2] bzq:21 [A2i—1/2] CZ?’,Zl [A2i/2] dZizl [A2:/2] .

where a, b, ¢ and d are indeterminates, and [x] (resp. |x]) stands for
the smallest (resp. largest) integer greater (resp. less) than or equal to x
for a given real number x. For example, if A = (5,4,4, 1) then w(\) is

the product of the entries in the following diagram for X\, which is equal to
a®bic3d?.




Boulet’s Theorem

Theorem (C.Boulet)

Let ¢ = abced. If |al, |b|, ||, |d| < 1, then

S w(n) = (—a5q) oo (—abc; q) oo

X (45 @)oo (ab; @) o (a5 ) oo

where the sum runs over all (ordinary) partitions A, and

where the sum runs over all strict partitions.

(C.Boulet, “A four parameter partition identity”, arXiv:math.CO/0308012,
to appear in Ramanujan J.)



Our generalization

Theorem

Let ¢ = abcd. Then

—a: —N _
Zw()\) — ( as q)N ¢1 ( q 9_NC+1; q, —bq) ,

2
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where the sum runs over all partitions A where each part of A is < 2.V.
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where the sum runs over all partitions A where each part of A is
< 2N + 1.



Al-Salam-Chihara polynomials

The Al-Salam-Chihara polynomial Q,,(x) = Q. (x; o, 3|q) is, by
definition,

Qn(x; o, Blq)

_ g ", Bu? _
= (au; q@)pu™ " 201 <a—1q_’"+1u—1; q, o 1qU> :

where x = '“’"';"_1 (R. Koelof and R.F.Swarttouw, The Askey-scheme of

hypergeometric orthogonal polynomials and its g-analogue Delft University
of Technology, Report no. 98-17 (1998), p.80).



Al-Salam-Chihara Recurrence relation

The Al-salam polynomials satisfy the three-term recurrence relation

22Qn(x) = Qnii(x) + (a + B)g"Qrn(x)
L (1= g1 = g™ Qu-1 (),

with Q_l(a:) = 0, Qo(w) = 1.

Associated Al-Salam-Chihara Recurrence relation

We also consider a more general recurrence relation:
25”@?1(33) — CNzn+1($) + t(a + ,B)qnén(a:)
+ (1 —tg™) (1 — taBq" ") Qn-1(x),

which we call the associated Al-Salam-Chihara recurrence relation.



Associated Askey-Wilson polynomials

M.E.H. Ismail and M. Rahman “The associated Askey-Wilson
polynomials”, Trans. Amer. Math. Soc. 328 (1991), 201 - 237.

Solutions of AASC Recurrence relation

Let

~ _ t~tq™", Bu? _
QLY (x) = u™" (tau; q)nadhs <t—1oz_1q_,”+1u—1; g, a”'qu |,

QY (x) = u

- (ta; @) n(taB; q)n tq"t, a " qu
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Then QM) () and Q(?) (z) are two linearly independent solutions of the
above associated Al-Salam-Chihara recurrence relation.



Generating Function (ordinary partitions)

Let us consider

PNy = Pn(a,b,c,dsz) = Z w()‘)zeo\)a

A
A1 SN

where the sum runs over all partitions X\ such that each part of A is less
than or equal to V.

For example, the first few terms can be computed directly as follows:

Py = 1,
1+ az
1 — acz?’
1+ a(l + b)z + abcz?
(1 —acz?)(1 — qz2) ’
1+ a(l+0b+ ab)z+ abe(l 4+ a + ad)z? + a’bedz®
- (1 — 22ac)(1 — 22q)(1 — z2%acq) .

g
[




Generating Function (strict partitions)

Let
YN =Pn(a,b,c,dsz) = Z w(“)ze(u)a

where the sum is over all strict partitions g such that each part of u is
less than or equal to V.

Example

For example, we have
T, =1,
v, =1+ az,
Uo=14a(l1+0b)z+ abcz?,
Us=14a(l+ b+ ab)z
+ abe(l 4+ a + a,d)z2 + a3bedz®.



Strict partitions with all parts < 3

N =3
l(p) =0
l(p) =1
l(p) = 2
l(p) =3
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Relation between 5 and W

Theorem

\IIN(aa b, c, d; Z)
(22%q;q) |IN/2| (z2ac; q) [N/2]

bn(a,b,c,dsz) =

Thus we only need to consider the srict partitions case.

Recurrence equation satisfied by W

Theorem

Let ¥y = ¥ (a,b,c,d;z) be as above. Then we have

\IlzN = (]_ —|— b)\IlzN_l —I— (CLNbNCNdN_l,Zz — b)‘I’zN_z,

\P2N+1 = (]_ —|— a)\IlzN —I— (G,N+1bNCNdN22 — CL)\IlzN_l,

for any positive integer IV.



Pfaffian expression for the weight w(u)z**)

Theorem

Define a skew-symmetric array A = (ov;5)0<4,5 by

;5 =
J ald/21pli/2]  Ti/21gli/21 22 if 4 > 0.

forte < j. If p = (pt1,...,2y) is a strict partition such that
p1 >+ > o, > 0, then we put 7 () = {p2ny.. ., p1}. Then we

have
Pf {AI(M)] — ()24,

where Aﬁﬁ g denote the 2n X 2n matrix obtained from A by choosing

the rows and columns indexed by 7(1).



Minor summation formula of Pfaffians

Theorem (Minor summation formula)

Let A = (aij)1<i,j<n and B = (b;j)1<i,j<n be skew
matrices of size . Then

/2]
2 Z P (AL(A)) Pt (AL(B)) =

where [I| = >, ;i and C = (Cjj)1<i,j<n is given by

Cij =~7"bi;z

symmetric
Jn AT, Jn
—Jn C

and J,, = (0;,n4+1—5)1<i,j<n is the anti-diagonal matrix.




The sum of the weights w(p)z¢#)

Let S,, denote the n X n skew-symmetric matrix whose (%, 7)th entry is
1for0 <1<y <n.

Theorem

Let /N be a nonnegative integer.

S J
Un(a,byc,dyz)y =P | 0 TN

—JIN41 A

where A = (aj)o<i<j<n is the N X IN skew-symmetric matrix
whose (z, 7)th entry a;; is defined above.



Recurrence equations of X and Yy

Theorem Set ¢ = abced and put Xn = Won and YN = Wan 1.

Then X n and Y satisfy

XNt1 = {1 + ab+ a(1 + bc)zqu} XN
— ab(1 — 22gM) (1 — acz?qN 1) Xn_1,

Yni1 = {1 + ab 4+ abe(1 + ad)z2qN} YN
—ab(1 — 2%q™)(1 — acz?q™)Yn_1,

where Xg =1,Yy =1+ az, X; =1+ a(l1 + b)z + abcz? and

Yi=14a(l+ b+ ab)z+ abc(l + a + (:Ld)z2 + a3bedz®.



Reduction to AASC Recurrence equation

Corollary

If we put X3, = (ab)~% X and Y = (ab)~Z Y, then the above
recurrence equation can be rewritten as

{(ab)% n (ab)—%} X}y = Xiyyy —a3b 3(1 4 be)z2gV XY,
+ (1 — 22q™V)(A — acz?q¢V N XN _ 4,
{(ab)% + (ab)_%} Yy =Yy, — azbzc(l + ad)z?q"NY},

+ (1 — 22q™V)(1 — a®bcdz?qN Y YL _,.

Solve these recurrence equations with the above initial conditions.



Solution for X (Xn = Yan)

_ (—ax2q, —abc; q)o
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N _— —
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where
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Solution for Yy (YN = q:JZN+1)

(—a?bcdz?q, —abc; q) oo
YN = Yy, — sYY,
N (—a?bed, —abcz?; q) oo (80 Y1 = 51 Yo)
~N_—2
B 2. q Yz7“,—acd . 1
X ( abcz 7q)N 2¢1 (—(abc)—lq—N‘Hz—z’ q, —cC Q>

+ (r{ Yo — rg Y1)

% (ab)N (qzzoa2bczdz2;q)N ¢ qN+1z27 _C_lq. —abe
—a?bedqz?;q) N 27 —a2bedgN+122’ D ’




where

—2
z —acd _
X 201 < ’ _o3 4y —C 1Q> ’

T p—

0 (—abc)—1lqz

—1,—2
q 'z7 4, —ac B
r’“f = (14 abcz?) 2¢4 (—(abc)—,lz—2; q, —c 1‘1) 9
2 —1
Y =7 q,—cC q.
S = 201 (—a?bcdzzq’ q, —abc) )
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o1 abc | .

1+ azbcdzzq —azbcdz2q2’ q, —



Infinite sum of the weight w(pu)z%*)

Set ¢ = abed. Let s3%, s¥, X;, Y; (¢ = 0,1) be as in the above

theorem. Then we have

—abc, —az?q; q) oo
3wzt = (0O G Ben (x iy, _ oxx,)

" (abs; @)oo

_ (—abc, —a*bedz?q; q) oo

(Cl,b' q) (ngY]- T SlYY0)9
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where the sum runs over all strict partitions .



Weighted sums of Schur’s P(Q)-functions

We consider a weighted sum of Schur’'s P-functions and Q-functions

En(a,b,c,d; X,,) = Z w(p)Pu(1y--+5%n),

7
p1 SN

nN(aabacad;Xn) — Z W(H)Qu(wlaﬂwwn)?

o
p1 SN

where the sums run over all strict partitions 1 such that each part of p is
less than or equal to IN. More generally, we can unify these problems to
finding the following sum:

Cn(a,b,c,dszy Xp) = Z w(p)z* WP, (x1,...,T,),
Ml%N

where the sum runs over all strict partitions g such that each part of i is
less than or equal to IV.



Infinite Sum

Further, let us put

C(a,b,c,d; 25 Xpn) = lim (n(a,b,c,d;z5 Xp)

N — o0

> w(wz WP, (X,),

where the sum runs over all strict partitions pt. We also write

f(a, b, c, d; Xn) — C(aa b, c, d; 1; Xn) — Z w(/-l')Pu(Xn)a
"

where the sum runs over all strict partitions .



Theorem

Let n be a positive integer. Then

Pf (~; . Pfgy( X, if n is even,
C(a, b, c, d; 2; Xn) _ ('Y 3)1§z<g§n / (Z)( ) | |
Pf (Vij)o<icj<n /Pfo(Xn) if nis odd,

where

Li — L4 2
) —|— Uij= —|— Vij=

S T
with
x; + bxr? 1 — abx?
T; + ba:? 1 — abx?

J
(1 — abzx?)(1 — abx?)

a det

x; + ax; 1— a(b+ d)x; — abdx]
z; +ax; 1— a(b+ d)x; — abdz]
(1 — abzi)(1 — abx?)(1 — abcdzix?)

abcx;x; det




if1<4,j <n, and

ax;j(1 4+ bx;)
z
1 — abx?

Yoj =1+

ifl1 < g <n.
Especially, when z = 1, we have

Pf (Vij)i<icj<n /Pfo(Xn) if nis even,

§(a,b,c,d; Xn) = - P
Pf (Vij)o<icj<n /Pfo(Xn) if nis odd,

where

N i if i = 0,
Yii = 5o with
—2L 4y if1<i1< g <n,

x; +bx; 1—b(a+ c)xi — abcx?
z; + bxi 1—b(a+ c)xi — abex

(1 — abx?)(1 — abxz?)(1 — abcdzix?)

a det
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