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Introduction

Abstract

Plane parition enumeration is a classical combinatorial problem studyed
by MacMahon and have been studied by many people in relations with
discrete mathematics, symmetric functions, representation theory and
mathematical physics. In this talk we consider certain weighted
enumeration problems of two classes of plane partitions, i.e., totally
symmetric self-complementary plane partitions (TSSCPP) and cyclically
symmetric transpose-complementary plane partions (tc-symmetic PP).
We construct one bijection between a subset of TSSCPPs and a class of
domino plane partitions and another bijection between tc-symmetic PPs
and another class of domino plane partitions. The study of TSSCPPs
was started by a paper by Mills, Robbins and Rumsey and they proposed
several conjectures in relations with the enumeration problems of
alternating sign matrices (ASM). By considering the weighted
enumeration of those classes of domino plane partitions we find more
mysterious similarities between TSSCPPs (tc-symmetic PPs) and ASMs.
We will give Pfaffian (determinant) expressions for those weighted
enumeration problems.

Masao Ishikawa Enumeration problems of plane partitions




Plan of My Talk

@ Plane partitions

Masao Ishikawa Enumeration problems of plane partitions



Plan of My Talk

© Plane partitions
© TSSCPP and tc-symmetric plane partitions

Masao Ishikawa Enumeration problems of plane partitions



Plan of My Talk

© Plane partitions
© TSSCPP and tc-symmetric plane partitions
© Restricted column-strict plane partitions

Masao Ishikawa Enumeration problems of plane partitions



Plan of My Talk

© Plane partitions
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Plan of My Talk

Plane partitions
TSSCPP and tc-symmetric plane partitions
Restricted column-strict plane partitions

Restricted column-strict domino plane partitions with all rows
and columns of even lenth

Bender-Knuth type involution

Restricted column-strict domino plane partitions with all rows
of even lenth

© 00 0000

Restricted column-strict domino plane partitions with all
columns of even lenth
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Plane partitions

Definition

A plane partition is an array m = (mjj)ij>1 of nonnegative integers
such that & has finite support (i.e., finitely many nonzero entries)
and is weakly decreasing in rows and columns.
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Plane partitions

Definition

A plane partition is an array 7 = (7jj)ij>1 Of nonnegative integers
such that & has finite support (i.e., finitely many nonzero entries)
and is weakly decreasing in rows and columns. If }’; -, mj = n,
then we write |7] = n and say that « is a plane partition of n, or &
has the weight n.

Masao Ishikawa Enumeration problems of plane partitions



Plane partitions

A plane partition is an array 7 = (7jj)ij>1 Of nonnegative integers
such that & has finite support (i.e., finitely many nonzero entries)
and is weakly decreasing in rows and columns. If }’; ;-4 mj = n,
then we write 7] = n and say that x is a plane partition of n, or
has the weight n.

A plane partition of 14

S P NW

O P DNDN

o Or Pk
o
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Shape

Let 7 = ()i j>1 be a plane partition.
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Let 7 = ()i j>1 be a plane partition.

@ A partis a positive entry mj; > 0.

Masao Ishikawa Enumeration problems of plane pa S



Shape

Let 7 = ()i j>1 be a plane partition.

@ A partis a positive entry mj; > 0.

@ The shape of & is the ordinary partition A for which 7 has 4;
nonzero parts in the ith row.
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Shape

Let 7 = ()i j>1 be a plane partition.
@ A partis a positive entry mj; > 0.

@ The shape of & is the ordinary partition A for which 7 has 4;
nonzero parts in the ith row.

@ We say that w has r rows if r = £(2). Similarly, 7 has s
columns if s = ().
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Shape

Let 7 = ()i j>1 be a plane partition.
@ A partis a positive entry mj; > 0.

@ The shape of & is the ordinary partition A for which 7 has 4;
nonzero parts in the ith row.

@ We say that 7 has r rows if r = £(1). Similarly, 7 has s
columns if s = £(’).

A plane partition of shape (432) with 3 rows and 4 columns:

3[2]1]1]
2[2]1
11
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Example of plane partitions

@ Plane partitions of 0: ()
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Example of plane partitions

@ Plane partitions of 0: @

@ Plane partitions of 1:
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Example of plane partitions

@ Plane partitions of 0: @

@ Plane partitions of 1:
@ Plane partitions of 2:
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Example of plane partitions

@ Plane partitions of 0: @

@ Plane partitions of 1:
@ Plane partitions of 2:

@ Plane partitions of 3:

lll
1 1
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Generating Function

Theorem (MacMahon)

The generating function for plane partitions is

(o)

dat=T]a-a",

k=1

where the sum runs over all (unrestricted) plane partitions.
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Generating Function

Theorem (MacMahon)

The generating function for plane partitions is

(o)

dat=T]a-a",

k=1

where the sum runs over all (unrestricted) plane partitions.

[ J@-d™ =1+a+309° + 6% + 139" + 24q° + 480° + - --
k=1
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Schur functions

Definition

A plane partition is said to be column-strict if it is strictly
decreasing in coulumns.

Masao Ishikawa Enumeration problems of plane partitions



Schur functions

Definition

A plane partition is said to be column-strict if it is strictly
decreasing in coulumns.

Schur functions
Let Xq,..., X, be n variables, and fix a shape 4. The Schur function
sa(Xg, ..., Xn) is defined to be

S,l(Xl, ce ,Xn) = Z X”,
7

where 7 runs over all column-strict plane partitions of shape 1 and
To__ yHofiinm
X" =TLiX .
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An Example of Schur functions

If = (22) and x = (X1, X2, X3), then the followings are
column-strict plane partitions with all parts < 3.

212 3|2 313
1|11 1|11 1|11
312 313 313
211 211 2] 2

Hence we have

2 2
S(22) (X1, X2, X3) = XEXZ + XEXG + XZX5 + X2XaX3 + X1X5X3 + X1XoX3.
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Ferrers graph

Definition

The Ferrers graph D(r) of r is the subset of P? defined by

D(r) = {(i.j.k) : k <y}
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Ferrers graph

Definition

The Ferrers graph D(r) of r is the subset of P2 defined by

D(r) = {(i.j.k) : k < my}

Example

Ferrers graph

3211
2|21
1 1 —>
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Symmetries of plane paritions

Definition

If 7 = (7;)) is a plane partition,
then the transpose n* of  is
defined by 7* = (7j).

transpose

yavy
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Symmetries of plane paritions

Definition

If 7 = () is a plane partition,
then the transpose n* of & is A symmetric PP
defined by 7* = (7j).

@ mis symmetric if 1 = * .
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Symmetries of plane paritions

Definition

If 7 = (7;)) is a plane partition,

then the transpose 7* of  is A cyclicaly symmetric PP

defined by 7* = (7j).
@ mis symmetric if m = 7* . yay

@ r is cyclically symmetric if
whenever (i,j,k) € 7 then
(,k,i) e 7.
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Symmetries of plane paritions

Definition

If 7 = (7;)) is a plane partition,
then the transpose 7* of  is A totally symmetric PP
defined by 7* = (7j).

@ mis symmetric if 1 = * .

@ r is cyclically symmetric if
whenever (i,j,k) € 7 then -
(j,k,i) e 7.

@ nis called totally symmetric if
it is cyclically symmetric and
symmetric.
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Complement

Let 7 = (7)) be a plane partition contained in the box
B(r,s,t) = [r] x[s] x [t].

L7 7

B(2,3,3)

v
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Complement

Let 7 = (7)) be a plane partition contained in the box
= [r] x [s] x [t].

Define the complement 7¢ of 7 by

={(r+1-i,s+1-jt+1-k): (i,j,k)e¢n}

’ complement
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Complement

Let 7 = (7)) be a plane partition contained in the box
= [r] x [s] x [t].
Define the complement #° of = by
n={(r+1-i,s+1-jt+1-k): (i,j,k)¢n}
@ ris said to be (r, s, t)-self-complementary if 7 = #°. i.e.
(i,j,k)ene (r+1-i,s+1-j,t+1-k)¢n

A (2,3, 3)-self-complementary PP

v
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Transpose-complement

Let 7 = (7;;) be a plane partition contained in the box B(r,r, t).

ST

B(3.3,2)
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Transpose-complement

Definition

Let 7 = (7;;) be a plane partition contained in the box B(r,r,t).
Define the transpose-complement n'® of z by
A ={(r+1-jr+1-i,t+1-k): (i,j,k) gn}

Example

]
7
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Transpose-complement

Definition

Let 7 = (7;;) be a plane partition contained in the box B(r,r,t).
Define the transpose-complement 7' of & by
A ={(r+1-jr+1-i,t+1-k): (i,j,k) g n}
@ ris said to be complement=transpose if r = '°, i.e.
(i,jjk)ene(r+1-jr+1-i,t+1-k)¢m.

Example

(3, 3, 2)-complement=transpoese
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Symmetry classes of plane partitions

Symmetry classes (Stanley)

The transformation ¢ and the group Sz generate a group T of order
12. The group T has ten conjugacy classes of subgroups, giving
rise to ten enumeration problems.
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Symmetry classes of plane partitions

Symmetry classes (Stanley)

The transformation ¢ and the group Sz generate a group T of order
12. The group T has ten conjugacy classes of subgroups, giving
rise to ten enumeration problems.
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Symmetry classes of plane partitions

Symmetry classes (Stanley)

The transformation ¢ and the group Sz generate a group T of order
12. The group T has ten conjugacy classes of subgroups, giving
rise to ten enumeration problems.

Table (R. P. Stanley, “Symmetries of Plane Partitions”, J. Combin. Theory Ser. A 43, 103-113 (1986))

1 | B(r,s,t) Any

2 | B(r,r,t) Symmetric

3 | B(r,r,r) Cyclically symmetric

4 B(r,r,r) Totally symmetric

5 B(r,s,t) Self-complementary

6 | B(r,r,t) Complement = transpose

7 | B(r,r,t) Symmetric and self-complementary

8 B(r,r,r) Cyclically symmetric and complement = transpose
9 B(r,r,r) Cyclically symmetric and self-complementary

10 | B(r,r,r) Totally symmetric and self-complementary

y

Masao Ishikawa Enumeration problems of plane partitions




Totally symmetric self-complementary plane partitions

Definition

A plane partition contained in B(2n, 2n, 2n) is said to be totally
symmetric self-complementary plane parition of size n if it is totally
symmetric and (2n, 2n, 2n)-self-complementary.
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Totally symmetric self-complementary plane partitions

Definition

A plane partition contained in B(2n, 2n, 2n) is said to be totally
symmetric self-complementary plane parition of size n if it is totally
symmetric and (2n, 2n, 2n)-self-complementary.

We denote the set of all self-complementary totally symmetric
plane partitions of size n by 7.
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Totally symmetric self-complementary plane partitions

A plane partition contained in B(2n, 2n, 2n) is said to be totally
symmetric self-complementary plane parition of size n if it is totally
symmetric and (2n, 2n, 2n)-self-complementary.

We denote the set of all self-complementary totally symmetric
plane partitions of size n by 7.

71 consists of the single partition

v
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TSSCPPs of size 2

75 consists of the following two partitions:
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TSSCPPs of size 2

75 consists of the following two partitions:
77

ﬁ
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TSSCPPs of size 3

I3 consists of the following seven partitions:

T T2

7

77
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TSSCPPs of size 3

T3 consists of the following seven partitions:

3 T4

|| i
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TSSCPPs of size 3

Example

T3 consists of the following seven partitions:

Hi L]

5 T
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TSSCPPs of size 3

Example

T3 consists of the following seven partitions:

7
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Tc-symmetric plane partitions

Definition

A plane partition in B(2n, 2n, 2n) is defined to be tc-symmetric of
size n if it is cyclically symmetric and it is equal to its
transpose-complement.
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Tc-symmetric plane partitions

Definition

A plane partition in B(2n, 2n, 2n) is defined to be tc-symmetric of
size n if it is cyclically symmetric and it is equal to its
transpose-complement.

We denote the set of all tc-symmetric plane partitions of size n by

%n.
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Tc-symmetric plane partitions

A plane partition in B(2n, 2n, 2n) is defined to be tc-symmetric of
size n if it is cyclically symmetric and it is equal to its
transpose-complement.

We denote the set of all tc-symmetric plane partitions of size n by
Gn-

%) consists of the single partition
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Tc-symmetric PPs of size 2

%> consists of the following two partitions:
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Tc-symmetric PPs of size 2

%> consists of the following two partitions:
77

ﬁ
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Tc-symmetric PPs of size 3

Example

3 consists of the following eleven plane partitions:

Us:]

79

f
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TSSCPP 12| 7 | 42 | 429 7436
tc-symmetric PP || 1 | 2 | 11 | 170 | 7429 | 920460

l_[ T (3i+1)!
+i)!

L (3i + 1)(6)!(2i)!
e = ﬂ (4i)!(4i + 1)

i=0
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Restricted column-strict plane partitions

Let &, denote the set of plane partitions ¢ = (cjj)1<ij Subject to
the constraints that
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Restricted column-strict plane partitions

Let &, denote the set of plane partitions ¢ = (cjj)1<ij Subject to
the constraints that

(C1) c is column-strict;
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Restricted column-strict plane partitions

Let &, denote the set of plane partitions ¢ = (cjj)1<ij Subject to
the constraints that

(C1) cis column-strict;
(C2) jth column is less than or equal to n — .
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Restricted column-strict plane partitions

Let &, denote the set of plane partitions ¢ = (cjj)1<ij Subject to
the constraints that

(C1) cis column-strict;
(C2) jth column is less than or equal to n —j.

We call an element of &2, a restricted column-strict plane partition.
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Restricted column-strict plane partitions

Let &, denote the set of plane partitions ¢ = (cjj)1<ij Subject to
the constraints that

(C1) cis column-strict;
(C2) jth column is less than or equal to n —j.

We call an element of &, a restricted column-strict plane partition.
A part c;j of ¢ is said to be saturated if ¢j = n —].
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Restricted column-strict plane partitions

Let &, denote the set of plane partitions ¢ = (cjj)1<ij Subject to
the constraints that

(C1) cis column-strict;
(C2) jth column is less than or equal to n —j.

We call an element of &, a restricted column-strict plane partition.
A part ¢jj of c is said to be saturated if cj = n —].

&, consists of the single PP (.
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Restricted column-strict plane partitions

Let &, denote the set of plane partitions ¢ = (cjj)1<ij Subject to
the constraints that

(C1) cis column-strict;
(C2) jth column is less than or equal to n —j.

We call an element of &, a restricted column-strict plane partition.
A part ¢jj of c is said to be saturated if cj = n —].

2, consists of the following 2 PPs:
0
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Restricted column-strict plane partitions

Let &, denote the set of plane partitions ¢ = (cjj)1<ij Subject to
the constraints that

(C1) cis column-strict;
(C2) jth column is less than or equal to n —j.

We call an element of &, a restricted column-strict plane partition.
A part ¢jj of c is said to be saturated if cj = n —].

2, consists of the following 2 PPs:
0
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Restricted column-strict plane partitions

Let &, denote the set of plane partitions ¢ = (cjj)1<ij Subject to
the constraints that

(C1) cis column-strict;
(C2) jth column is less than or equal to n —j.

We call an element of &, a restricted column-strict plane partition.
A part ¢jj of c is said to be saturated if cj = n —].

P53 consists of the followng 7 PPs

0 2[1]
1
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Restricted column-strict plane partitions

Let &, denote the set of plane partitions ¢ = (cjj)1<ij Subject to
the constraints that

(C1) cis column-strict;
(C2) jth column is less than or equal to n —j.

We call an element of &, a restricted column-strict plane partition.
A part ¢jj of c is said to be saturated if cj = n —].

P53 consists of the followng 7 PPs

0 2]1]
1
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Pairs of Restricted column-strict plane partitions

Definition

Let 2, denote the set of all pairs of plane partitions in &, of the
same shape.
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Pairs of Restricted column-strict plane partitions

Let 2, denote the set of all pairs of plane partitions in &, of the
same shape.

21 consists of the single pair  (0,0).

4
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Pairs of Restricted column-strict plane partitions

Let 2, denote the set of all pairs of plane partitions in &, of the
same shape.

&, consists of the following 2 pairs:

(0,0) ( )

4
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Pairs of Restricted column-strict plane partitions

Let 2, denote the set of all pairs of plane partitions in &, of the
same shape.

&, consists of the following 2 pairs:

(0,0) ( )

4
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Pairs of Restricted column-strict plane partitions

Let 2, denote the set of all pairs of plane partitions in &, of the
same shape.

3 consists of the followng 11 pairs

oo (@7) @D) [@E) (@3

UlllH1|10 01|1H2|10 02|1H1|10 02|1H2|10

2][2]) ([2]1][2]1
1] [T

4
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Pairs of Restricted column-strict plane partitions

Let 2, denote the set of all pairs of plane partitions in &, of the
same shape.

3 consists of the followng 11 pairs

oo (@T) @D @E) @3

UlllH1|10 01|1H2|10 02|1H1|10 02|1H2|10

2|[2]] ([2]1]]2]1
1] [T

4
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Let n be a positive integer.
Then we can construct a bijection from ., to &7,.

Masao Ishikawa Enumeration problems of plane partitions



Bijections

Let n be a positive integer.
Then we can construct a bijection from ., to &7,.

Theorem

Let n be a positive integer.
Then we can construct a bijection from %, to 2.
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Bijections

Let n be a positive integer.
Then we can construct a bijection from ., to &7,.

Theorem

Let n be a positive integer.
Then we can construct a bijection from %, to 2.

Example (n = 3)

There is 1 RCSPP of shape 0.
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Bijections

Let n be a positive integer.
Then we can construct a bijection from ., to &7,.

Theorem

Let n be a positive integer.
Then we can construct a bijection from %, to 2.

Example (n = 3)

There are 2 RCSPPs of shape |:|:
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Bijections

Let n be a positive integer.
Then we can construct a bijection from ., to &7,.

Theorem

Let n be a positive integer.
Then we can construct a bijection from %, to 2.

Example (n = 3)

There are 2 RCSPPs of shape |:|:|:
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Bijections

Let n be a positive integer.
Then we can construct a bijection from ., to &7,.

Theorem

Let n be a positive integer.
Then we can construct a bijection from %, to 2.

Example (n = 3)

There is 1 RCSPP of shape E:
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Bijections

Let n be a positive integer.
Then we can construct a bijection from ., to &7,.

Theorem

Let n be a positive integer.
Then we can construct a bijection from %, to 2.

Example (n = 3)
|

There is 1 RCSPP of shape
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Bijections

Let n be a positive integer.
Then we can construct a bijection from ., to &7,.

Theorem

Let n be a positive integer.
Then we can construct a bijection from %, to 2.

Example (n = 3)

This implies

1+424+24+1+1=7
12+224+224+12+12=11
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The statistics in words of RCSPP

Definition
Letc = (Cj)1<ij € Pnandk =1,...,n.
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The statistics in words of RCSPP

Definition

Letc = (Cj)i<ij € Pnandk =1,...,n.

Let Uk(c) denote the number of parts equal to k plus the number
of saturated parts less than k. Further let N(7) denote the number
of boxes in 7.
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The statistics in words of RCSPP

Letc = (Cj)i<ij € Pnandk =1,...,n.
Let Ui (c) denote the number of parts equal to k plus the number

of saturated parts less than k. Further let N(7) denote the number
of boxes in x.

RPIN]W] ]| O
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The statistics in words of RCSPP

Letc = (Cj)i<ij € Pnandk =1,...,n.
Let Ui (c) denote the number of parts equal to k plus the number

of saturated parts less than k. Further let N(7) denote the number
of boxes in x.

n =7, c € %3, Saturated parts

RPIN]W] ]| O
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The statistics in words of RCSPP

Letc = (Cj)i<ij € Pnandk =1,...,n.
Let Ui (c) denote the number of parts equal to k plus the number

of saturated parts less than k. Further let N(7) denote the number
of boxes in x.

n=7,ce Pk =1,Us(c)=3

5|15|412]2
414131
3122
211

1
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The statistics in words of RCSPP

Letc = (Cj)i<ij € Pnandk =1,...,n.
Let Ui (c) denote the number of parts equal to k plus the number

of saturated parts less than k. Further let N(7) denote the number
of boxes in x.

n=7,ce Pk =2U,c)=5

5|15|4]12]2
4141311
3122
211

1
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The statistics in words of RCSPP

Letc = (Cj)i<ij € Pnandk =1,...,n.
Let Ui (c) denote the number of parts equal to k plus the number

of saturated parts less than k. Further let N(7) denote the number
of boxes in x.

n=7c€ %Pk =3,Us(c)=3

5|15|412]2
4141311
3122
211

1
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The statistics in words of RCSPP

Letc = (Cj)i<ij € Pnandk =1,...,n.
Let Ui (c) denote the number of parts equal to k plus the number

of saturated parts less than k. Further let N(7) denote the number
of boxes in x.

n=7,c€ Ps k =4,U4c) =4

5|15|412]2
4141311
3122
211

1
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The statistics in words of RCSPP

Letc = (Cj)i<ij € Pnandk =1,...,n.

Let Uy (c) denote the number of parts equal to k plus the number
of saturated parts less than k. Further let N(7) denote the number
of boxes in .

n=7c¢€ %P3k =5 Us(c) =4

5S|5|4]2]2
4141311
3122
211

1
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The statistics in words of RCSPP

Letc = (Cj)i<ij € Pnandk =1,...,n.
Let Ui (c) denote the number of parts equal to k plus the number

of saturated parts less than k. Further let N(7) denote the number
of boxes in x.

n=7,c€ %Pk =6,Ug(c) =3

515|1412]2
4141311
3122
211

1
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The statistics in words of RCSPP

Letc = (Cj)i<ij € Pnandk =1,...,n.
Let Ui (c) denote the number of parts equal to k plus the number

of saturated parts less than k. Further let N(7) denote the number
of boxes in x.

n=7,ce Pk =7U;(c)=3

515|1412]2
4141311
3122
211

1
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Domino plane partitions

Let Qr(,e) denote the set of column-strict domino plane partitions ¢
subject to the constraints that

forj=1,...,n—1.
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Domino plane partitions

Let Qr(,e) denote the set of column-strict domino plane partitions ¢
subject to the constraints that

@ each number in a domino crossing the 2j — 1st column does
not exceed n —j,

forj=1,...,n—1.

Masao Ishikawa Enumeration problems of plane partitions



Domino plane partitions

Definition
Let Qr(,e) denote the set of column-strict domino plane partitions ¢
subject to the constraints that

© each number in a domino crossing the 2j — 1st column does
not exceed n —j,

@ each number in a domino crossing the 2jth column does not
exceed n —j,

forj=1,...,n—1.
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Domino plane partitions

Let Qr(,e) denote the set of column-strict domino plane partitions ¢
subject to the constraints that
© each number in a domino crossing the 2j — 1st column does
not exceed n —j,
@ each number in a domino crossing the 2jth column does not
exceed n —j,
forj=1,...,n—1. Ifapartinthe 2j — 1th or 2jth column is equal
to n — j, then we call it a saturated part.
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Domino plane partitions

Definition

Let Qr(,e) denote the set of column-strict domino plane partitions ¢
subject to the constraints that
© each number in a domino crossing the 2j — 1st column does
not exceed n —j,
@ each number in a domino crossing the 2jth column does not
exceed n —j,
forj=1,...,n—1. Ifapartinthe 2j — 1th or 2jth column is equal
to n — j, then we call it a saturated part. For a positive integer k

and r € @,ge), set Uy () denote the number of parts in ¢ equal to k
plus the number of saturated parts less than k.
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Domino plane partitions

Definition

Let Qr(,e) denote the set of column-strict domino plane partitions ¢
subject to the constraints that
© each number in a domino crossing the 2j — 1st column does
not exceed n —j,
@ each number in a domino crossing the 2jth column does not
exceed n —j,
forj=1,...,n—1. Ifapartinthe 2j — 1th or 2jth column is equal
to n — j, then we call it a saturated part. For a positive integer k
and r € @,ge), set Uy () denote the number of parts in ¢ equal to k
plus the number of saturated parts less than k. Further let N(r)
denote the number of dominoes in .
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Example

Example

The following domino plane partition  is an element of @3(6)

since the 1st and 2nd columns < 2, the 3rd and 4th columns < 1.
The red numbers stand for saturated parts. Hence we have

Uy () = Uy(nr) = Us(nr) = 3. Since x has 4 dominoes, we have
N(m) = 4.
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Domino plane partitions

Definition

Let y’/rﬁc’) denote the set of column-strict domino plane partitions ¢
subject to the constraints that

@ each number in a domino crossing the 2j — 1st column does
not exceed n — |,

forj=1,...,n—1.
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Domino plane partitions

Definition
Let y’/rﬁc’) denote the set of column-strict domino plane partitions ¢
subject to the constraints that

@ each number in a domino crossing the 2j — 1st column does
not exceed n — |,

© each number in a domino crossing the 2jth column does not
exceedn—j—1,

forj=1,...,n—1.
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Domino plane partitions

Definition
Let y’/rﬁc’) denote the set of column-strict domino plane partitions ¢
subject to the constraints that
@ each number in a domino crossing the 2j — 1st column does
not exceed n — |,
@ each number in a domino crossing the 2jth column does not
exceedn—j—1,
forj=1,...,n—1. The statistics Uy () and can be defined
similarly.
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Example

The following domino plane partition r is an element of @3(0)

since the 1st column < 2, the 2nd and 3rd columns < 1. The red
numbers stand for saturated parts. Hence we have

Us(n) = Uy(nr) = Us(nr) = 3. Since 7 has 4 dominoes, we have
N(m) = 4.
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The Stanton-White Bijection

Theorem (Stanton-White)

There are bijections
meE .@r(,e) — (0,7) € P X Py,

and
e Qr(]o) > (0,7) € P X Pg.
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The Stanton-White Bijection

Theorem (Stanton-White)

There are bijections
meE .@r(,e) — (0,7) € P X Py,

and
e Qr(]o) > (0,7) € P X Pg.

By this bijection, we have

(m) = Uk(o) + Uk(7),

Uk
N(7) = N(o) + N(7).
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Tc-symmetric plane partitions and domino plane
partitions

Corollary

There is a bijection between domino plane partitions 7 € @n(e)
(resp. m € .@r(,o)) whose row and column lengths are all even and

pairs (o, 1) € Pn X Py (resp. (0, 7) € P x Pp-1) such that o and
7 have the same shape.
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Tc-symmetric plane partitions and domino plane
partitions

Corollary

There is a bijection between domino plane partitions 7 € @n(e)

(resp. m € .@r(,o)) whose row and column lengths are all even and
pairs (o, 1) € Pn X Py (resp. (0, 7) € P x Pp-1) such that o and
7 have the same shape. Especially, there is a pijection between
tc-symmetric plane partitions and domino plane partitions in %(]e)
whose row and column lengths are all even.
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(7,t)-enumeration of tc-symmetric plane partitions

Let 20°FC) (resp. 2°F®)) denote the set of 7 € 2 (resp.
S 9§°)) whose row and column lengths are both all even.
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(7,t)-enumeration of tc-symmetric plane partitions

Definition
Let 20°FC) (resp. 2°F®)) denote the set of 7 € 2 (resp.
S 9§°)) whose row and column lengths are both all even. We

consider the generating functions

T(e)(T,t) — Z TN(”)tUk(”),

n

ﬂE@r(]e’RC)

and _
Tt = ) N,

ne@éo’RC)

We will see the generating functions does not depend on k later.

Masao Ishikawa Enumeration problems of plane partitions



@ée’RC) is composed of the following 11 elements;

0, 1|1 2|1 2|2 2
b 3 3 1’
11]1]1 2(1(1|1 2(2]1|1 ill
2|2 212|112
1)1 1)1
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A determinant expression

Let

R I
jAs Si otherwise,

and

i - (Bl RN = 2
L Si otherwise.

Then we have

T (n,t) = det(T¢(n.1))

0<,i,jsn-1"

and

T\ (1,t) = det(T?(n.1))

0<,i,j<n-1"

Masao Ishikawa Enumeration problems of plane partitions



A refined enumeration of tc-symmetric plane partitions

Definition
We define the polynomials tc,(t) by

ten(t) = T (1, 1).
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A refined enumeration of tc-symmetric plane partitions

Definition

We define the polynomials tc,(t) by

ten(t) = T (1, 1).

tcq(t

tco(t

(
(
tca(t
(
(

tcy(t

)
)
) =
)
)

tes(t

1

1+t

24+2t4+3t2 42342t

11+ 22t + 3412+ 3613 +34t% +22t° + 11t°

170 4+ 510t + 969t2 + 1326t + 1479t* 4 1326 t°
+969t° +510t" +170t8

4
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A refined enumeration of tc-symmetric plane partitions

Definition
We define the polynomials tc,(t) by

tea(t) = TP (1, 1)

tcy(—1) = 2"~ ﬁ (6i —6)!1(3i +1)!(2i - 1)!

(4i = 3)1(4i)!(3i - 3)!
n-1 (6 )I( 2)'( )
@ =1 @ @-nE-D

v
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Mills-Robbins-Rumsey Conjectures

Mills-Robbins-Rumsey bijection

Mills, Robbins and Rumsey have constructed a bijection between
TSSCPPs and a certain set of shifted plane partitions:

I «— B, = {shifted plane partitions}
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Mills-Robbins-Rumsey Conjectures

Mills-Robbins-Rumsey bijection

Mills, Robbins and Rumsey have constructed a bijection between
TSSCPPs and a certain set of shifted plane partitions:

I «— B, = {shifted plane partitions}
They also define an involution zy from this set of shifted plane
partitions onto itself:

K B — Bn

fork =1,2,...,n.
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Mills-Robbins-Rumsey Conjectures

They define two important involutions on %,

P = 27476 - -«

Y = Mn3ns -,

and put % (resp. 4}) the set of elements %, invariant under p
(resp. ).
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Mills-Robbins-Rumsey Conjectures

They define two important involutions on %,

P = 27Tt "+

Y = M35 -,

and put 4 (resp. %)) the set of elements %, invariant under p
(resp. ).

Conjecture 4 (Conjecture 4 of Mills, Robbins and Rumsey, “Self-complementary totally symmetric plane

partitions”, J. Combin. Theory Ser. A 42, (1986).)

Letn >2andr, 0 <r < n be integers. Then the number of
elements c in %, with p(c) = ¢ and U;1(c) = r would be the same
as the number of n by n alternating sign matrices a invariant under
the half turn in their own planes (that is aj = an1-in+1-i for

1 <i,j £ n) and satisfying a; = 1.
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Mills-Robbins-Rumsey Conjectures

They define two important involutions on %,

P = ToTATG -~ -

Y = M35,

and put % (resp. 4}) the set of elements %, invariant under p
(resp. ).

Conjecture 6 (Conjecture 6 of Mills, Robbins and Rumsey, “Self-complementary totally symmetric plane

partitions”, J. Combin. Theory Ser. A 42, (1986).)

Letn > 3 an odd integer and i, 0 <i < n — 1 be an integer. Then
the number of ¢ in %, with y(c) = ¢ and U;(c) = i would be the
same as the number of n by n alternating sign matrices with

aj; = 1 and which are invariant under the vertical flip (that is

aj = ajny1-jforl <i,j <n).
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The Numbers of HTSASMs and VSASMs

-1 q -
AHTS:T—[ (3i)!(3i + 2)! AHTS ni(3n)! | AHTS

S TR T (T
avs _ L N (6k —2)!(2k —1)!
ariton LA (ak - 2)1(ak — 1))
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The Numbers of HTSASMs and VSASMs

11 (3i)!(3i + 2)! AFTS _ n!(3n)! . AHTS
{(n+i) T e T
N (6k — 2)I(2k — 1)!

2l on UL ap —2)1(4k — 1)1

n 1/2(3|4 | 5| 6 | 7 | 8 9 |-

ARTS 111123 |10 | 25 | 140 | 588 | 5544 | 39204
AVS 1 1 3 26 646
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Enumeration polynomials

Definition

A &S o (@2n+k =2)1(4n -k - 1)!
Aé’nsﬂ(t):ﬁzt DS (k —1)!(2n - k)!

r=1 k=1
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Enumeration polynomials

Definition

A &S o (@2n+k =2)1(4n -k - 1)!
Agnsﬂ()ﬁ;t 1241(_1) h (k — 1)!(2n —K)!

AJ3(t) =1

APP(t) =1+t +t?

AY3(t) = 3 + 6t + 8t* + 6t° + 3t*

AJ3(t) = 26 + 78t + 138t% + 162t> + 138t* + 78t°> + 26t°
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Enumeration polynomials

Definition
An o(n+r-2\2n-1-r 1
Ap(t) = —— t
n() (3n—2);( n-1 )( n-1 )

n-1

ASTS(t)  (3n-2)(2n - 1)!
ALiTS ~ (n-1)!(3n-1)!

n(n—1)—nr +r2}(n+r-2)(2n —r - 2)!
XZ ri(n—r)!

AHTS( t) = Az S(DAn(1)

ALTS, () = 5 [Anc s (OBETS(0) + An(DALTS (1)

tl'

(8)!(3i+2)!
where AHTS = [T ém
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Example

ATS(t) =1

ANTS(t) =1+t

AlTS(t) =1+t +1t?

AJTS(t) = 2 4 3t + 3t + 213
ALTS(t) = 3 + 6t + 7t + 6t° + 3t*
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The Bender-Knuth involution

The Bender-Knuth involution

A classical method to prove that a Schur function is symmetric is to
define involutions fy on column-strict plane partitions ¢ which
swaps the number of k’s and (k — 1)’s, for each k.
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The Bender-Knuth involution

The Bender-Knuth involution

A classical method to prove that a Schur function is symmetric is to
define involutions f, on column-strict plane partitions ¢ which
swaps the number of k’s and (k — 1)’s, for each k. Consider the
parts of ¢ equal to k or k — 1.
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The Bender-Knuth involution

The Bender-Knuth involution

A classical method to prove that a Schur function is symmetric is to
define involutions f, on column-strict plane partitions ¢ which
swaps the number of k’s and (k — 1)’s, for each k. Consider the
parts of ¢ equal to k or k — 1. If both of k and k — 1 appear in the
same column, we say k and k — 1 paired.
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The Bender-Knuth involution

The Bender-Knuth involution

A classical method to prove that a Schur function is symmetric is to
define involutions f, on column-strict plane partitions ¢ which
swaps the number of k’s and (k — 1)’s, for each k. Consider the
parts of c equal to k or k — 1. If both of k and k — 1 appear in the
same column, we say k and k — 1 paired. The other unpaired k’s
and k — 1's are swaped in each row.
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The Bender-Knuth involution

The Bender-Knuth involution

A classical method to prove that a Schur function is symmetric is to
define involutions f, on column-strict plane partitions ¢ which
swaps the number of k’s and (k — 1)’s, for each k. Consider the
parts of c equal to k or k — 1. If both of k and k — 1 appear in the
same column, we say k and k — 1 paired. The other unpaired k’s
and k — 1's are swaped in each row.

f» acts on the following column-strict plane partitions:

51514133 |3|3|2|1]1
414131221 ]1]1
312121
1)1
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The Bender-Knuth involution

The Bender-Knuth involution

A classical method to prove that a Schur function is symmetric is to
define involutions f, on column-strict plane partitions ¢ which
swaps the number of k’s and (k — 1)’s, for each k. Consider the
parts of c equal to k or k — 1. If both of k and k — 1 appear in the
same column, we say k and k — 1 paired. The other unpaired k’s
and k — 1's are swaped in each row.

f» acts on the following column-strict plane partitions:

515]14]13|3|3|3|2|2]2
414131222 ]|1]1
312111
211
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The Bender-Knuth involution

f, gives a proof of

S/l(X2$ Xla X37 coog Xn) — SJ(X]_,XZ, X37 coo ,Xn)-

Hence s, (X1, X2, ..., Xn) is @ symmetric function.
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A Bender-Knuth Type involution

Definition
If k > 2, we define a Bender-Knuth-type involution 77, on 42, which
swaps k’s and (k — 1)’s where we ignore saturated (k — 1) when

we perform a swap.
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A Bender-Knuth Type involution

Definition

If k > 2, we define a Bender-Knuth-type involution 77, on 42, which
swaps k’s and (k — 1)’s where we ignore saturated (k — 1) when
we perform a swap.

Example

n =7 Apply7s to the following ¢ € .

RN O
w
[EEY

R IN]W]A] O
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A Bender-Knuth Type involution

Definition

If k > 2, we define a Bender-Knuth-type involution 77, on 42, which
swaps k’s and (k — 1)’s where we ignore saturated (k — 1) when
we perform a swap.

Example
n =7 Apply7s to the following ¢ € .

RN O
w
[EEY

[l IRASIN BNOSRN BN ) |
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A Bender-Knuth Type involution

Definition

If k > 2, we define a Bender-Knuth-type involution 77, on 42, which
swaps k’s and (k — 1)’s where we ignore saturated (k — 1) when
we perform a swap.

n =7 Then we obtain the following 7r3(c) € Z3.
5|15 4 2
414 (3|1
3 2
211
1
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A Bender-Knuth Type involution

Definition

We define an involution 77, on &7, similarly assuming the outside of
the shape is filled with O.
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A Bender-Knuth Type involution

We define an involution 77, on &7, similarly assuming the outside of
the shape is filled with O.

n =7 Apply; to the following ¢ € Z3.

4
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A Bender-Knuth Type involution

We define an involution 77, on &7, similarly assuming the outside of
the shape is filled with O.

n =7 Apply; to the following ¢ € Z3.

41312]|1
414132
1

4
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Flips in words of RCSPP

Proposition
If o € &, and k > 2, then

Uk-1 (i (7)) = Uk (o)
N (mc (7)) = N (o)
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Flips in words of RCSPP

Proposition
If o € &, and k > 2, then

Uk-1 (mk (o)) = Uy (o)
N (mk(c)) = N (o)

We define involutions on &7,

and we put @f (resp. 9,17) the set of elements &7, invariant under
o (resp. ).
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Invariants under p

P7 = (0}
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Invariants under p

75 ={o.[1))
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Invariants under p

Ff?’g is composed of the following 3 RCSPPs:

0 2[1]
1
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Invariants under p

Ff?’f is composed of the following 10 elements:
0 2|2
111
2[2]1] 3]2 3]2]1]
11 2[1 2[1
1] 1]
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Invariants under p

&7’55 has 25 elements, and ‘@eﬁ has 140 elements.
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Invariants under y

Proposition
If c € &2, is invariant under 7y, then n must be an odd integer.

Masao Ishikawa Enumeration problems of plane partitions



Invariants under y

Proposition

If c € &, is invariant under y, then n must be an odd integer.

Thus we have @Z = {}
ﬂz is composed of the following 3 RCSPPs:

3|2]1]

=
NN
N

and 9’57 has 26 elements.
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Invariants under y

If c € Y514 is invariant under y, then ¢ has no saturated parts. \
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Invariants under y

If c € Y514 is invariant under y, then ¢ has no saturated parts.

Example

The following ¢ € &1 is invariant under y:

717|166 ]3|2|1]1
515|143 ]1
413122

111
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Invariants under y

If c € Y514 is invariant under y, then ¢ has no saturated parts.

Example

Remove all 1's from ¢ € ‘@L'

717|166 ]|]3|2|1]1
515]14]|3]1
413122

111
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Invariants under y

If c € Y514 is invariant under y, then ¢ has no saturated parts.

Example

Then we obtain a PP in which each row has even length.
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Invariants under y

If c € Y514 is invariant under y, then ¢ has no saturated parts.

Example
Identify 3 with 2, 5 with 4, and 7 with 6.
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Invariants under y

If c € Y514 is invariant under y, then ¢ has no saturated parts.

Example

Repace 3 and 2 by dominos containing 1, 5 and 4 by dominos con-
taining 2, 7/ and & by dominos containing 3.

1
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Column-strict domino plane partitions of even rows

Definition

Let 2% (resp. 2°F)) denote the set of 7 € 2 (resp.
€ 78°)) whose row lengths are all even.
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Column-strict domino plane partitions of even rows

Let 207 (resp. 2°®)) denote the set of 7 € 2 (resp.
€ 78°)) whose row lengths are all even.

| A

Theorem

Let n be a positive integer. Let 7251 denote our bijection of P/”Zn o
onto 7.*%). Further we have Uy (r2n1(c)) = Ua(c).
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Example

@fe’R) = {0} is the set of column-strict domino plane partitions with
all columns < 0.
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Example

Example

@ée’R) is composed of the following 3 elements:

0 ], T

This is the set of column-strict domino plane partitions with the first
and second columns < 1, other columns < 0 and each row of even
length.

Masao Ishikawa Enumeration problems of plane partitions



Example

Example

Qée’R) is the set of column-strict domino plane partitions with the
1st and 2nd columns < 2, the 3rd and 4th columns < 1, other
columns < 0 and each row of even length (26 elements):

2
1
1[1
[ 1 |
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Example

olalilal (2]2] [2[2] [2]2]1]1

@ie’R) is the set of column-strict domino plane partitions with the
1st and 2nd columns < 3, the 3rd and 4th columns < 2, the 5rd
and 6th columns < 1, other columns < 0 and each row of even
length (646 elements).
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(7,t)-enumeration

We consider the generating functions

VO = 3 M),

ne.@,ge’R)

and —
VOnt)y= ) N,

ne@,(,O’R)
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(7,t)-enumeration

We consider the generating functions

VO = 3 M),

ne.@,ge’R)

and —
VOnt)y= ) N,

ne@,(,O’R)

VI (1t) = 14+ (1 + )7+ (1 + 3t + 22)7% + (2t + 32 + 13)73
+ (3% + 3t + t)7* + (23 + t4)1° + 14O
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Example

Theorem (Stanton-White, Carré-Leclerc)

We can define a map which associate a pair in 2, x &, (resp.
P x Pr_1) with a domino plane partition in 2% (resp. 7).

PN

Color 0 Color 0 Color 1 Color 1
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Example

Theorem (Stanton-White, Carré-Leclerc)

We can define a map which associate a pair in &2, X &, (resp.
P X Pn_1) with a domino plane partition in 9,&9) (resp. @éo)).
Let ® denote the map which associate the pair (co, c1) of

column-strict plane partitions with a column-strict domino plane

partition d.
Color 0 Color 0 Color 1 Color 1
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Domino plane partition

For example, we associate the column-strict domino plane partition

d:331N

the pair

of plane partitions.
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Conditions on shape

Let d be a column-strict domino plane partition, and let
(Co,Cl) = q)(d) Then
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Conditions on shape

Let d be a column-strict domino plane partition, and let
(Co,Cl) = q)(d) Then
(i) All columns of d have even length if, and only if, shc; C sheg
and shcg \ she; is a vertical strip.
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Conditions on shape

Let d be a column-strict domino plane partition, and let
(Co,Cl) = q)(d) Then
(i) All columns of d have even length if, and only if, shc; € sheg
and shcg \ she; is a vertical strip.

(i) All rows of d have even length if, and only if, shcg € shc,; and
shecq \ sheg is a horizontal strip.
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From RCSPPs to lattce paths

LetV = {(x,y) € N?: 0 <y < x} be the vertex set,
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From RCSPPs to lattce paths

LetV = {(x,y) € N?: 0 <y < x} be the vertex set, and direct an
edge from u to v whenever v —u = (1,-1) or (0, -1).
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From RCSPPs to lattce paths

Theorem

LetV = {(x,y) € N?: 0 <y < x} be the vertex set, and direct an
edge from u to v whenever v —u = (1,-1) or (0, -1).
Letuyy=(n—j,n—j)andvj = (4 +n—-j,0)forj=1,...,n, and let
u=(ug,...,up)andv = (vq,...,Vp).
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From RCSPPs to lattce paths

Theorem

LetV = {(x,y) € N?: 0 <y < x} be the vertex set, and direct an
edge from u to v whenever v —u = (1,-1) or (0, -1).
Letuyy=(n—j,n—j)andvj = (4 +n—-j,0)forj=1,...,n, and let
u=(up,...,up)andv = (v,...,vp). We claimthat the c € &,
of shape A’ can be identified with n-tuples of nonintersecting
D-paths in & (u,v).
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From RCSPPs to lattce paths

Theorem

LetV = {(x,y) € N?: 0 <y < x} be the vertex set, and direct an
edge from u to v whenever v —u = (1,-1) or (0, -1).
Letuyy=(n—j,n—j)andvj = (4 +n—-j,0)forj=1,...,n, and let
u=(up,...,up)andv = (v,...,vp). We claimthatthe c € &,
of shape A’ can be identified with n-tuples of nonintersecting
D-paths in & (u,v).
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Example of lattice paths

n=7,c¢e %7 RCSPP

RIN]|B>]O
w
=

RIN]W]A]O
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Example of lattice paths

Lattice paths
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A determinant expression

Let
T () (AN ) =
+ 2 (k) + (S + )
Vi) = iti.j > 0,
6"’
otherwise,
and
B () £ (D) ()
32t + ) () + ()
Vi (nt) = ifij—1>0,
5"'
otherwise.
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A determinant expression

Then we have

V) (n,t) = det (Ve (1))

0<,i,jsn-1’

and

VO (xt) = det(V9(x. 1))

0<,i,j<n-1°
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A determinant expression

Then we have

V) (n,t) = det (Ve (1))

0<,i,jsn-1’
and
VO (xt) = det(V9(x. 1))

0<,i,j<n-1"°

Vr(le)(l’t) Ag/ns+1( )
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Observations

We would have

VS 2 P _
VOt = [(A) ten®) fn=2m-1
(TCm)? (L-t+1t2)AYS (1)2 ifn=2m,
and

A TCm AN () tem(t)  ifn=2m,

TC A tcm(t ifn=2m -1,
V§°><-1,t>:{2m1 n1 AYS,(D)tEn(t) ifn—2m

2m+1
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Generalized domino plane partitions

Generalized domino plane partitions

A domino is a special kind of skew shape consists of two squares.
A 1 x 2 domino is called a horizontal domino while a 2 X 1 domino
is called a vertical domino.
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Generalized domino plane partitions

Generalized domino plane partitions

A domino is a special kind of skew shape consists of two squares.
A 1 x 2 domino is called a horizontal domino while a 2 x 1 domino
is called a vertical domino. A generalized domino plane partition
of shape A consists of a tiling of the shape A by means of ordinary
1 x 1 squares or dominoes, and a filling of each square or domino
with a positive integer so that the integers are weakly decreasing
along either rows or columns.
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Generalized domino plane partitions

Generalized domino plane partitions

A domino is a special kind of skew shape consists of two squares.
A 1 x 2 domino is called a horizontal domino while a 2 x 1 domino
is called a vertical domino. A generalized domino plane partition
of shape A consists of a tiling of the shape A by means of ordinary
1 x 1 squares or dominoes, and a filling of each square or domino
with a positive integer so that the integers are weakly decreasing
along either rows or columns. Further we call it a domino plane
partition if the shape A is tiled with only dominoes.
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Generalized domino plane partitions

Example

The left-below is a column-strict generalized domino plane
partition of shape (4, 3,2, 1), and the right-below is a column-strict
domino plane partition of shape (4, 4, 2).
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Twisted domino plane partitions

Definition

Let m and n > 1 be nonnegative integers. Let 2HTS denote the set
of column-strict generalized domino plane partitions ¢ subject to
the constraints that

(E1) c has at most n columns;

We call an element in 2HTS a twisted domino plane partition.
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Twisted domino plane partitions

Definition

Let m and n > 1 be nonnegative integers. Let 2HTS denote the set
of column-strict generalized domino plane partitions ¢ subject to
the constraints that

(E1) c has at most n columns;

(E2) each part in the jth column does not exceed [(n —j)/27;

We call an element in 2HTS a twisted domino plane partition.
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Twisted domino plane partitions

Definition

Let m and n > 1 be nonnegative integers. Let 2HTS denote the set
of column-strict generalized domino plane partitions ¢ subject to
the constraints that

(E1) c has at most n columns;
(E2) each part in the jth column does not exceed [(n —j)/27;

(E3) A domino containing [(n — j)/2] must not cross the jth column
for any j such that n — j is odd.

We call an element in 2HTS a twisted domino plane partition.
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Twisted domino plane partitions

Let m and n > 1 be nonnegative integers. Let 2HTS denote the set

of column-strict generalized domino plane partitions ¢ subject to
the constraints that

(E1) c has at most n columns;
(E2) each part in the jth column does not exceed [(n —j)/27;

(E3) A domino containing [(n — j)/2] must not cross the jth column
for any j such that n — j is odd.

(E4) A single box can appear only when it contains [(n —j)/27 and
it is in the jth column such that n — j is odd.

We call an element in 2HTS a twisted domino plane partition.

Masao Ishikawa Enumeration problems of plane partitions




Twisted domino plane partitions

Example
‘@:}L—”—S — {@}
s — (0.3}

4TS is composed of the following 3 elements:

:
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Twisted domino plane partitions

Example

4TS is composed of the following 10 elements:

o [1] [1]1] Al
115 2] 2] 21 211

2875 has 25 elements and Z7{™ has 140 elements.
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Twisted domino PPs and RCSDPPs with all columns of
even length

Conjecture

For a positive integer n, there would be a bijection between 71T
(the set of twisted domono PPs) and 2 or 2{°°) (the set of
restricted column-strict domino PPs with all columns of even
length) which has the following property;
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Twisted domino PPs and RCSDPPs with all columns of
even length

Conjecture

For a positive integer n, there would be a bijection between 71T

(the set of twisted domono PPs) and 7' or 2°“) (the set of
restricted column-strict domino PPs with all columns of even
length) which has the following property;

© the numeber of 1's is kept invariant;
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Twisted domino PPs and RCSDPPs with all columns of
even length

Conjecture

For a positive integer n, there would be a bijection between 71T

(the set of twisted domono PPs) and 7' or 2°“) (the set of
restricted column-strict domino PPs with all columns of even
length) which has the following property;

© the numeber of 1's is kept invariant;

© the number of columns is kept invariant.
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RCSDPPs with all columns of even length

Example

gie,c) _ {(D}

9% = {0, }

.@ée’c) has the following 3 elements:

@1 1 1
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RCSDPPs with all columns of even length

.@?(’O’C) has the following 10 elements:

0, 1|1] [2]1

I s I

@ée’c) has 25 elements, @ﬁe’c) has 140 elements, and @ﬁe’c) has

588 elements.
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(7,t)-enumeration

Definition

Let @(e ) (resp. 2\°)) denote the set of 7 € 2 (resp.
mE _@ ) whose column lengths are all even. We consider the
generating functions

Hr(]e)(T,t) — Z 7—'\'(77)'[01((”)7
ne.@,ge’c)

and _
H,(1°)(T,t) _ Z AN Yk ()
ne@,(,o’c)
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Example

@éo’c) consists of the following 10 elements:

0, 1)1 2|1

Thus we have

HO (7,8) = 14 (1 + ) + (2t + t2)2% + (2t% + £3)7 + 3%,
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A determinant expression

Let
Z0 Zio {(L_—ll) + t(kl__il)} {(jﬁjl) + t(|J,J_,ll)} =]
HS(7,t) = ifi,j >0,
T @@ i > 0.andlj =0,
0, ifi =0,
and
S0 2o {() + t(E2IHED) + (52} -
HO(T t) = ifi,j—1>0,
SR (R CTE ifi >0andj=0,1,
Gij ifi = 0.
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A determinant expression

Then we have

H(® (z.t) = det (H(n.1))

0<,i,jsn-1"
and

HO(r,t) = det(Hi‘j’(T,t))OS’i’an_l.

H?(2.1) = ARTS (1),
HI (L) = Ao (1),
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A determinant expression

We would have

HE(-1,1) = (L -t +t2) AYS (1),

HOCL) =t1-)vO@t)  forn>3.
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Thank you!
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