Schur

R. P. Stanley

Masao Ishikawa

Tottori University




e M. Ishikawa, “Minor summation for-
mula and a proof of Stanley’s open
problem”, arXiv:math.C0/0408204.

® R. P. Stanley, “Open problem”, International Con-

ference on Formal Power Series and Algebraic Com-
binatorics (Vadstena 2003), June 23 - 27, 2003,

available from
http://www-math.mit.edu/¥stan/trans.html.




Partitions

A partition is any (finite or infinite) se-
quence

)\:(Al,)\z,...,)\r,...)

of non-negative integers in decreasing
order:

A S Ay D> e >N > ...



and containing only finitely many non-
Zero terms.
Example

A = (5441) is a partition of 14 with
length 4.



Tableaux

Given a partition \, A tableaux T of
shape A is a filling of the diagram with
numbers whereas the numbers must strictly
increase down each column and weakly
from left to right along each row. Let
xr = (x1,T2,...) be variables. The
weight of tableaux T’ is

wt(T) = 2z . ..



Example
A Tableau T of shape (5441).

The weight of T is wt (T') = x{x xixix?.



Schur functions
The Schur function s (x) is, by def-
inition,

sx(z) = ) wt(T),

where the sum runs over all tableaux
of shape A.



Example

When A\ = (22),
1[1 1[1 11
2|2 213 3|3
1[2 1[2 2|2
213 3|3 3|3

sa(z) = zizs + xix; + .



Power Sum Symmetric Functions
Let » denote a positive Iinteger.

pr(z) =] +x,+ ...

IS called the rth power sum symmetric
functions.

pi(x) =1 +2x2+ ...
pa(z) = x> + x5+ ...



Given a partition A, define w(A\) by
w(A) = a2-i>1lA2i—1/21p> 050 [A2i—1/2] 30551 [X26 /2] g>0i >0 [A2i/2] ’

where a, b, c and d are indeterminates, and [x] (resp. |« |) stands for the
smallest (resp. largest) integer greater (resp. less) than or equal to x for a given
real number x. For example, if A\ = (5,4,4,1) then w(\) is the product of
the entries in the following diagram for .




Theorem
Let

z = Z wW(A)S)-
A

Here the sum runs over all par-
titions A.
Then we have



1

log z — Z —a"'(b" — c")pan

2n
n>1

1
. Z _anbncndnp%n
n214n
c Qllp1,P3,P55---]]-



Corollary

Let
Yy = Z sxa(x).

A
X,/ even

Here the sum runs over all partitions A\
such that X and )\’ are even partitions
(i.e. with all parts even).



Then we have
1

log y — E ﬁ pzn
4n
n>1

= Q[[p19p37p57 c e ]]



Pfaffians
Assume we are given a 2n by
21 skew-symmetric matrix

A = (a45)1<i,j<2n>
(i..e. aj; = .—aij), whose en-
tries a;; are in a commutative
ring.



The Pfaffian of A is, by definition,
Pf(A) — Z 6(0'1, O2%2¢cce s 02171 O'Qn)

X Qgioy Aoy, 109,

where the summation is over all parti-
tions {{0’1, 0'2}<, c oo {O'Qn_l, 0'2n}<}
of [2n] into 2-elements blocks, and
where (01,02, ...,02,_1, 02,) de-



notes the sign of the permutation

1 2 -« 21
O1 02 **° O2n .



Example
When n = 2,

0 a2 Qi3 Qaig
—az; O az3 Q24
—a3; —azz 0 aszg
—ay; —a4g2 —ay3z 0

= a12034 — A13024 + A14023.

Pt



Theorem
Let 2 be a positive integer. Let

zn= Y  w(A)sa(Xan)
(AN <2n
be the sum restricted to 27 vari-



ables. Then we have

1
z21)

N [l1<icj<on(®i — ;)
x (abed)™(2)

X P (Pij)1<icicon



where p;; is defined by

i

-ax? 1 — a(b-

mj—

- ¢)x; — abex;

2
-ax; 1 —a(b-

- c)x; — abex:

3
()
3
J

(1 — abxi)(1 — abx?)(1 — abedx;x:

J



Minor Summation Formula

Let m, n and r be integers such
that » < m,n. Let T' be an m by
n matrix. For any index sets

I = {’il,---,ir}< g [m?
J = {j17°°°7jr}< C [n-?

let A%(A) denote the submatrix ob-
tained by selecting the rows indexed by




I and the columns indexed by J. If

r = m and I = |[m], we simply
write A y(A) for Al[;n](A). Similarly,
if r = n and J = [n|, we write

A*(A) for A7 .(A). For any finite
set S and a non-negative integer 7,

let (f ) denote the set of all r-element
subsets of S.



Theorem

Let 7 and /N be non-negative inte-
gers such that 2n < IN. Let T' =
(tij)lgigzn,lgjgj\[ bea2n by NN rect-
angular matrix, and let A = (aij)lgi,jSN
be a skew-symmetric matrix of size IV.



Then

S Pr (Al(4)) det (AL(T))
re ()
= Pf (TA'T).
If we put Q = (Qij)lgi,jgzn —
T AT, then its entries are given by

Qij = ), apdet (AZJQ(T» :

1<k<I<N



(1 < 2,7 < 2n). Here we write

A (T) for
tir Ty

A{ZJ}(T) b .

1kl}




Lemma
Let ; and y; be indeterminates, and
let 2 Is a non-negative integer. Then

Pfz;y;|1<icj<on = H T2;—1 H Y2i-
i=1 i=1



Lemma

Let 2 be a non-negative integer. Let
A = ()\1, c ooy )\zn) be a partition
such that £(\) < 2n. Put

l: (ll,...,lzn) :A—F(Szn.

Define a 2n by 2n skew-symmetric
matrix A = (aij)lgz’,jSZn by

aij = alt=D/2plG=1)/2] [15/2 glis/2



for 2 < 7. Then we have

Pf [A],; j<on = (abcd) (Z’)w()\)



Cauchy type idenitity

[ A(X)A(Y)
€
Ti T Yj. 1<2,9<n H1<z,g<n(w’b T 1
d ¢ _213‘7; — azj' A(X)
c
T T X 1<4,j<2n H1<z<g<n(wl +



Notation.
Let X = (T1,...,T2,), Y =

(ylv' . °7y2n); A = ((1,1,. "7a2n)
and B = (by,...,bs,) be2n-tuples

of variables. Set
V;?(Xv Y; A, B)



to be
{aim'f’—jyg—l if1 < j <n,

(/

bie:" 7yt ifn+1<j<2n,

for 1 <1 < 2n.
Define V"(X,Y; A, B) by

det (v;.f;(X, Y: A, B))

1<12,7<2n



Example.
When n = 1,

VIX,Y;A,B) =

When n = 2,

V3(X,Y;A,B) =

a1y
a2
aszrs
Q44

a,; by
as b .

aiyi
az2Yy?2
asys
a4Y4

b1,
baxo
bsxs
by 4



When n = 3, V4(X,Y; A, B) is

ala:%

2
azazz

asxs

a4wi

a5m§

2
a6a36

A1TL1Y1
A2 2Y2
as3r3ys
AA4L4Y4
A5TL5Ys
AsL6Ye

alyf
a2y§
as?J%
a4yi
a5y§
a6y§

bla:%
bza’}g

2
b3£l33

bi1x1Y1
bax2Yyo
bsxrsys

b1 y%
bzyi
b3y§

bzﬂi bsx4Y4 b4yi

b5£l?§
2
b6m6

bsx5Yys
b T6Ys

b5y§
bay(?




Theorem
Let

X:(wlw"van)v Y:(y17°'°7y
A:(al,...,aZn), B:(bl,...,bg
C:(Cl,...,CQn), D:(dl,...,dg

be 2n-tuples of variables.



Then_

ot Li Yi .
Lj Yj 4 1<1<3<2n D)
"(X,Y: A, B)V"X,Y;C,
B V L Yi
o)y,

1<1<7<2n



Corollary
Let

X = (ZEl,...,ZEQn),
A = (al,...,azn),
B: (bl,...,bzn)

be 2n-tuples of variables.



Then
'aibj — Qy bz‘_

Pt

1 =tz | icon
\V'(X,1+tX* A, B)

H1§i<j§2n(1 — txix;) |

— (_1)(3’)15(3’




Proposition
Let f(x1,x2,...) be a symmetric
function with infinite variables. Then

f € Q[py : all parts \; > 0 are odd]
if and only if

f(t,—t,x1,x2,...) = f(x1,T2,...).



Strategy:
If we set v,,(X5,,) to be

log zn(in)

-3 —a’“(b’“ — *)par(Xan)
k>1 2

. Z _akbk kdkka(XZn)z
k>1



then we claim it satisfies
vn—l—l(tv —t, XZn) — ’U'n(XZn)-



Theorem
Let X = (CL’l, ¢ o o ,CL’zn) be a 2n-

tuple of variables. Then

zn(X2n)
.y 1)(3) V*(X?%,1+ abedX*; X +aX?1—a(b+ ¢)X? — abe

(12, (1 — aba?) [Ty <icjcon (@i — ;) (1 — abeda?z?)
2 (2 2
where X* = (z{,...,x5 ), 1 +
abcdX* = (1 + abedxy, ..., 1+
abedz; ), X+aX? = (x14+axi, ..., T
ax; )andl—a(b+c)X*—abcX?® =




(1—a(b+c)xf—abex?,...,1—
a(b+ c)xr; — abcxs ).



Propsition
Let X — (2131, ¢ oo ,Can) be a 2n-
tuple of variables. Put

fn(Xa,) = V*(X? 14+abecdX?*; X+aX? 1—a(b+c)X?—abeX?).



Then f,,(X3,,) satisfies

Frns1(t, —t, Xop)
— (—1)"2t

X (1 — abt®)(1 — act?) l_nl(wi2 — )

21
X H(l — abcdtzw?) c fn(Xan).

1=1



Corollary
Let

Z(x;t) = )y w(A)Sa(wmst),

A

Here the sum runs over all partitions
A.



Then we have

log Z(x;t)
_ Z _an(bn — ™) (1 — t*)pa,
12
— Z —anbn c"d"(1 — tzn)zpzn
o1 3

- Q[[plv P3+s P59 ¢ « - ]]



Definition
Define T (x; q,t) by

det (Qx—i+7) (T35 1)) 1<; icpin)

where Q(x; q, t) stands for the Mac-
donald polynomial corresponding to the
partition A, and Q,(x;q,t) is the
one corresponding to the one row par-
tition () (See [8], IV, sec.4).



Corollary
Let

Z(:l?; q, t) — Z w()\)T)\(ZB; q, t)v

Here the sum runs over all partitions
A.



Then we have
log Z(x; q,t)

N 1 — t2’n
—_ Z—CL (b — C )1 _ qznPZn
n>1
1 — t2’n 2
_ Z —anb"cndn( 2n)2 o
= 4n (1 — g*™)

-~ @[[p17p37p59 © o ]]
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