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Partitions

A partition is any (finite or infinite) se-
quence

λ = (λ1, λ2, . . . , λr, . . . )

of non-negative integers in decreasing
order:

λ1 ≥ λ2 ≥ · · · ≥ λr ≥ . . .



and containing only finitely many non-
zero terms.
Example
λ = (5441) is a partition of 14 with
length 4.



Tableaux
Given a partition λ, A tableaux T of

shape λ is a filling of the diagram with
numbers whereas the numbers must strictly
increase down each column and weakly
from left to right along each row. Let
x = (x1, x2, . . . ) be variables. The
weight of tableaux T is

wt(T ) = x]1′s
1 x]2′s

2 · · ·



Example
A Tableau T of shape (5441).

5 5 4 4 2
3 3 3 2
2 2 1 1
1

The weight of T is wt(T ) = x2
1x

4
2x

3
3x

2
4x

2
5.



Schur functions
The Schur function sλ(x) is, by def-

inition,

sλ(x) =
∑

T

wt(T ),

where the sum runs over all tableaux
of shape λ.



Example
When λ = (22),

1 1
2 2

1 1
2 3

1 1
3 3

1 2
2 3

1 2
3 3

2 2
3 3

sλ(x) = x2
1x

2
2 + x2

1x
2
3 + . . .



Power Sum Symmetric Functions
Let r denote a positive integer.

pr(x) = xr
1 + xr

2 + . . .

is called the rth power sum symmetric
functions.

p1(x) = x1 + x2 + . . .

p2(x) = x2
1 + x2

2 + . . .



Given a partition λ, define ω(λ) by

ω(λ) = a
P

i≥1dλ2i−1/2eb
P

i≥1bλ2i−1/2cc
P

i≥1dλ2i/2ed
P

i≥1bλ2i/2c,

where a, b, c and d are indeterminates, and dxe (resp. bxc) stands for the
smallest (resp. largest) integer greater (resp. less) than or equal to x for a given
real number x. For example, if λ = (5, 4, 4, 1) then ω(λ) is the product of
the entries in the following diagram for λ.

a b a b a

c d c d

a b a b

c



Theorem
Let

z =
∑

λ

ω(λ)sλ.

Here the sum runs over all par-
titions λ.
Then we have



log z −
∑

n≥1

1

2n
an(bn − cn)p2n

−
∑

n≥1

1

4n
anbncndnp2

2n

∈ Q[[p1, p3, p5, . . . ]].



Corollary
Let

y =
∑

λ
λ,λ′ even

sλ(x).

Here the sum runs over all partitions λ
such that λ and λ′ are even partitions
(i.e. with all parts even).



Then we have

log y −
∑

n≥1

1

4n
p2
2n

∈ Q[[p1, p3, p5, . . . ]].



Pfaffians
Assume we are given a 2n by

2n skew-symmetric matrix

A = (aij)1≤i,j≤2n,

(i.e. aji = −aij), whose en-
tries aij are in a commutative
ring.



The Pfaffian of A is, by definition,

Pf (A) =
∑

ε(σ1, σ2, . . . , σ2n−1, σ2n)

× aσ1σ2 . . . aσ2n−1σ2n.

where the summation is over all parti-
tions {{σ1, σ2}<, . . . , {σ2n−1, σ2n}<}
of [2n] into 2-elements blocks, and
where ε(σ1, σ2, . . . , σ2n−1, σ2n) de-



notes the sign of the permutation(
1 2 · · · 2n
σ1 σ2 · · · σ2n

)
.



Example
When n = 2,

Pf




0 a12 a13 a14

−a21 0 a23 a24

−a31 −a32 0 a34

−a41 −a42 −a43 0




= a12a34 − a13a24 + a14a23.



Theorem
Let n be a positive integer. Let

zn =
∑

`(λ)≤2n

ω(λ)sλ(X2n)

be the sum restricted to 2n vari-



ables. Then we have

zn =
1∏

1≤i<j≤2n(xi − xj)

× (abcd)−(n
2)

× Pf
(
pij

)
1≤i<j≤2n

,



where pij is defined by
∣∣∣∣
xi + ax2

i 1 − a(b + c)xi − abcx3
i

xj + ax2
j 1 − a(b + c)xj − abcx3

j

∣∣∣∣
(1 − abx2

i )(1 − abx2
j)(1 − abcdx2

ix
2
j)

.



Minor Summation Formula
Let m, n and r be integers such

that r ≤ m, n. Let T be an m by
n matrix. For any index sets

I = {i1, . . . , ir}< ⊆ [m],

J = {j1, . . . , jr}< ⊆ [n],

let ∆I
J(A) denote the submatrix ob-

tained by selecting the rows indexed by



I and the columns indexed by J . If
r = m and I = [m], we simply

write ∆J(A) for ∆
[m]
J (A). Similarly,

if r = n and J = [n], we write
∆I(A) for ∆I

[n](A). For any finite
set S and a non-negative integer r,
let

(S
r

)
denote the set of all r-element

subsets of S.



Theorem
Let n and N be non-negative inte-

gers such that 2n ≤ N . Let T =
(tij)1≤i≤2n,1≤j≤N be a 2n by N rect-
angular matrix, and let A = (aij)1≤i,j≤N

be a skew-symmetric matrix of size N .



Then∑

I∈([N ]
2n)

Pf
(
∆I

I(A)
)
det (∆I(T ))

= Pf
(
TA tT

)
.

If we put Q = (Qij)1≤i,j≤2n =

TA tT , then its entries are given by

Qij =
∑

1≤k<l≤N

akl det
(
∆ij

kl(T )
)

,



(1 ≤ i, j ≤ 2n). Here we write
∆ij

kl(T ) for

∆
{ij}
{kl}(T ) =

∣∣∣∣
tik til

tjk tjl

∣∣∣∣ .



Lemma
Let xi and yj be indeterminates, and

let n is a non-negative integer. Then

Pf [xiyj]1≤i<j≤2n =
n∏

i=1

x2i−1

n∏

i=1

y2i.



Lemma
Let n be a non-negative integer. Let

λ = (λ1, . . . , λ2n) be a partition
such that `(λ) ≤ 2n. Put

l = (l1, . . . , l2n) = λ + δ2n.

Define a 2n by 2n skew-symmetric
matrix A = (αij)1≤i,j≤2n by

αij = ad(li−1)/2ebb(li−1)/2ccdlj/2edblj/2c



for i < j. Then we have

Pf [A]1≤i,j≤2n = (abcd)(
n
2)ω(λ).



Cauchy type idenitity
Cauchy determinant

det

[
1

xi + yj

]

1≤i,j≤n

=
∆(X)∆(Y )∏

1≤i,j≤n(xi + yj)
.

Pfaffian version

det

[
xi − xj

xi + xj

]

1≤i,j≤2n

=
∆(X)∏

1≤i<j≤n(xi + xj)
.



Notation.
Let X = (x1, . . . , x2n), Y =

(y1, . . . , y2n), A = (a1, . . . , a2n)
and B = (b1, . . . , b2n) be 2n-tuples
of variables. Set

V n
ij (X, Y ; A, B)



to be{
aix

n−j
i yj−1

i if 1 ≤ j ≤ n,

bix
2n−j
i yj−n−1

i if n + 1 ≤ j ≤ 2n,

for 1 ≤ i ≤ 2n.

Define V n(X, Y ; A, B) by

det
(
V n

ij (X, Y ; A, B)
)

1≤i,j≤2n
.



Example.
When n = 1,

V 1(X, Y ; A, B) =

∣∣∣∣
a1 b1

a2 b2

∣∣∣∣ .

When n = 2,

V 2(X, Y ; A, B) =

∣∣∣∣∣∣∣∣

a1x1 a1y1 b1x1 b1y1

a2x2 a2y2 b2x2 b2y2

a3x3 a3y3 b3x3 b3y3

a4x4 a4y4 b4x4 b4y4

∣∣∣∣∣∣∣∣
.



When n = 3, V 2(X, Y ; A, B) is∣∣∣∣∣∣∣∣∣∣∣∣

a1x
2
1 a1x1y1 a1y

2
1 b1x

2
1 b1x1y1 b1y

2
1

a2x
2
2 a2x2y2 a2y

2
2 b2x

2
2 b2x2y2 b2y

2
2

a3x
2
3 a3x3y3 a3y

2
3 b3x

2
3 b3x3y3 b3y

2
3

a4x
2
4 a4x4y4 a4y

2
4 b4x

2
4 b4x4y4 b4y

2
4

a5x
2
5 a5x5y5 a5y

2
5 b5x

2
5 b5x5y5 b5y

2
5

a6x
2
6 a6x6y6 a6y

2
6 b6x

2
6 b6x6y6 b6y

2
6

∣∣∣∣∣∣∣∣∣∣∣∣

.



Theorem
Let

X = (x1, . . . , x2n), Y = (y1, . . . , y2n),

A = (a1, . . . , a2n), B = (b1, . . . , b2n),

C = (c1, . . . , c2n), D = (d1, . . . , d2n)

be 2n-tuples of variables.



Then

Pf




∣∣∣∣
ai bi

aj bj

∣∣∣∣ ·
∣∣∣∣
ci di

cj dj

∣∣∣∣
∣∣∣∣
xi yi

xj yj

∣∣∣∣




1≤i<j≤2n

=
V n(X, Y ; A, B)V n(X, Y ; C, D)

∏

1≤i<j≤2n

∣∣∣∣
xi yi

xj yj

∣∣∣∣
.



Corollary
Let

X = (x1, . . . , x2n),

A = (a1, . . . , a2n),

B = (b1, . . . , b2n)

be 2n-tuples of variables.



Then

Pf

[
aibj − ajbi

1 − txixj

]

1≤i<j≤2n

= (−1)(
n
2)t(

n
2)

V n(X,111 + tX2; A, B)∏
1≤i<j≤2n(1 − txixj)

.



Proposition
Let f(x1, x2, . . . ) be a symmetric

function with infinite variables. Then

f ∈ Q[pλ : all parts λi > 0 are odd]

if and only if

f(t, −t, x1, x2, . . . ) = f(x1, x2, . . . ).



Strategy:
If we set vn(X2n) to be

log zn(X2n)

−
∑

k≥1

1

2k
ak(bk − ck)p2k(X2n)

−
∑

k≥1

1

4k
akbkckdkp2k(X2n)

2,



then we claim it satisfies

vn+1(t, −t, X2n) = vn(X2n).



Theorem
Let X = (x1, . . . , x2n) be a 2n-

tuple of variables. Then
zn(X2n)

= (−1)(
n
2)

V n(X2,111 + abcdX4; X + aX2,111 − a(b + c)X2 − abcX3)
∏2n
i=1(1 − abx2

i )
∏

1�i<j�2n(xi − xj)(1 − abcdx2
ix

2
j)

,

where X2 = (x2
1, . . . , x2

2n), 111 +
abcdX4 = (1 + abcdx4

1, . . . , 1 +
abcdx4

2n), X+aX2 = (x1+ax2
1, . . . , x2n+

ax2
2n) and111−a(b+c)X2−abcX3 =



(1−a(b+ c)x2
1 −abcx3

1, . . . , 1−
a(b + c)x2

2n − abcx3
2n).



Propsition
Let X = (x1, . . . , x2n) be a 2n-

tuple of variables. Put
fn(X2n) = V n(X2,111+abcdX4; X+aX2,111−a(b+c)X2−abcX3).



Then fn(X2n) satisfies

fn+1(t, −t, X2n)

= (−1)n2t

× (1 − abt2)(1 − act2)
2n∏

i=1

(t2 − x2
i )

×
2n∏

i=1

(1 − abcdt2x2
i ) · fn(X2n).



Corollary
Let

Z(x; t) =
∑

λ

ω(λ)Sλ(x; t),

Here the sum runs over all partitions
λ.



Then we have

log Z(x; t)

−
∑

n≥1

1

2n
an(bn − cn)(1 − t2n)p2n

−
∑

n≥1

1

4n
anbncndn(1 − t2n)2p2

2n

∈ Q[[p1, p3, p5, . . . ]].



Definition
Define Tλ(x; q, t) by

det
(
Q(λi−i+j)(x; q, t)

)
1≤i,j≤`(λ)

,

where Qλ(x; q, t) stands for the Mac-
donald polynomial corresponding to the
partition λ, and Q(r)(x; q, t) is the
one corresponding to the one row par-
tition (r) (See [8], IV, sec.4).



Corollary
Let

Z(x; q, t) =
∑

λ

ω(λ)Tλ(x; q, t),

Here the sum runs over all partitions
λ.



Then we have

log Z(x; q, t)

−
∑

n≥1

1

2n
an(bn − cn)

1 − t2n

1 − q2n
p2n

−
∑

n≥1

1

4n
anbncndn (1 − t2n)2

(1 − q2n)2
p2

2n

∈ Q[[p1, p3, p5, . . . ]].
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